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Unit D1 
Fluid flows 


Introduction 


Introduction 


This unit differs from the others in the module in that it seeks to show 
how complex analysis can be used in the mathematical modelling of a 
physical process, namely the flow of a fluid such as water or air. 


If you have experience of mathematical modelling, then the approach 
adopted here will be familiar to you: start with an initial simplification of 
a real-world situation, then express what is going on mathematically and 
make progress by means of posing and solving problems. Later we 
interpret the solutions in physical terms, and conclude by discussing how 
good the model is and where it could be improved. If you have not done 
mathematical modelling before, then you need not feel apprehensive about 
it. This unit primarily focuses on the mathematical aspects of a fluid flow 
model; however, it will help your appreciation of the content if you are able 
to think in terms of physical quantities such as velocity and pressure. 


Although the assumptions we make in our mathematical model are quite 
restrictive, the resulting model is still significant in terms of the physical 
insights that it provides. More realistic models of fluid flows have been 
developed, but their additional realism is paid for by an increase in 
mathematical complexity. The model considered here has the virtue that it 
is understandable, and it is sufficiently rich that its predictions are 
illuminating. For example, the model predicts correctly the presence of the 
upward force that keeps an aeroplane in flight. This model of fluid flow can 
be developed without using complex analysis; however, the language of 
complex analysis allows us to demonstrate the natural relationships within 
this model in a transparent manner. 


In Section 1 we set up the mathematical model for fluid flows using a 
complex-valued function to describe the steady fluid velocity within a 
cross-sectional plane. It turns out that, under suitable modelling 
assumptions, the conjugate of this velocity function is analytic, so it can be 
studied using techniques from complex analysis. 


In particular, the conjugate velocity function has a primitive (on any 
suitable region) known as a complex potential function, which we introduce 
in Section 2. The streamlines, that is, the paths of points moving with the 
fluid, can be described simply in terms of the complex potential function. 
We look at several examples of simple fluid flows, and derive their complex 
potential functions and the corresponding streamline patterns. 


Section 3 is devoted to the study of an important family of conformal 
mappings arising from the so-called Joukowski functions, which play a key 
role in analysing fluid flows modelled with complex analysis. 


In Section 4 we turn to the investigation of flow patterns in a fluid stream 
passing around a solid object, or obstacle, first covering in detail the case 
of flow past a circular cylinder. We then show how conformal mappings, 
and in particular Joukowski functions, can be used to relate the flow past a 
circular cylinder to the flow past obstacles of other shapes. 
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Figure 1.1 Visualising a fluid 
flow using an arrow diagram 


In Section 5 this conformal mapping technique is developed further to 
study flow past an aerofoil. The section ends with a brief discussion of the 
force on an obstacle due to the flow past it, and of how well the predictions 
of the model compare with reality. 


Unit guide 


Sections 4 and 5 form the heaviest parts of this unit, and you will probably 
need to spend much of your study time on them. You should find that 
Sections 2 and 8 are relatively light, although essential in terms of building 
up your ability to visualise how fluids in motion behave according to the 
model. 


1 Setting up the model 


After working through this section, you should be able to: 


e appreciate the modelling assumptions that are made in order to 
represent the velocity of a fluid flow by a continuous complex function 


e apply the formula for the components of velocity at any point, in a 
specified direction 


e explain what is meant by stagnation point, streamline, unit-speed 
parametrisation, circulation, flux, locally circulation-free, locally flux-free, 
ideal flow, source, sink and vortex 


e understand why the conjugate of an ideal flow velocity function is an 
analytic function, and vice versa 


e establish whether a velocity function is locally circulation-free, locally 
flux-free, or both. 


1.1 A complex-valued velocity function 


The aim of this unit is to develop a mathematical model that can be 
applied to the flow (or motion) of a fluid. We consider a fluid to be a 
substance that behaves like a liquid or a gas. Both water (a liquid) and air 
(a gas) are fluids, and your everyday experience of how these substances 
behave in motion should give you some feeling for what we intend to model. 


One way of visualising a fluid flow is shown in Figure 1.1. The diagram 
represents a plane cross-section, at a particular instant in time, of the flow 
of some fluid such as water. 


Each arrow in this arrow diagram represents the instantaneous velocity 
vector of the fluid at the point from which the arrow is directed. The 
magnitude of this velocity (that is, the fluid speed) is represented by the 
length of the arrow, while the flow direction is given by the direction of the 
arrow. (We briefly discussed such arrow diagrams at the end of Section 3 
of Unit A2, where we referred to them as vector fields.) 


Photographs of flows similar to Figure 1.1 (but without the arrowheads) 
can be obtained by the insertion of small neutrally buoyant beads (beads 
with the same density as that of the fluid) into the flow. By taking a 
long-exposure photograph over a short interval of time, the movements of 
the beads can be visualised as streaks on the photograph. Since the beads 
are carried along by the fluid, the streak lengths and directions indicate 
fluid velocity, as represented in Figure 1.1 by the arrows. 


Suppose that we regard a flow cross-section, such as the one shown in 
Figure 1.1, as lying in a region of the complex plane. Then each point in 
the region can be described by a complex number z = x + iy. The flow 
velocity at the point z is characterised completely by its magnitude and 
direction, so it can be represented by a complex number gq(z), where |g¢(z)| 
is the fluid speed at z, and Arg(q(z)), the principal argument of q(z), gives 
the direction of flow at that point. Thus the velocities at all points within 
the fluid cross-section can be described by a complex function q, whose 
domain is the region occupied by the fluid. We call q a velocity function. 


Examples of points z and corresponding values q(z) of the velocity 
function, for a particular flow, are shown in the arrow diagram in 
Figure 1.2. 


qil+i)=1 


q(2—i) =-1-i 


Figure 1.2 The velocity q(z) at various points z 


The use of a complex function g to describe a fluid velocity relies on 
several significant modelling assumptions. 


First, Figure 1.1 depicts a cross-section of a flow which must in reality be 
three-dimensional, although the two-dimensional diagram is intended to 
show all the significant features of the flow. You should imagine that any 
point moving with the fluid in the plane shown continues to reside in that 
plane at all later times. (You can visualise a point moving with the fluid as 
the centre of a very small neutrally buoyant bead carried along by the 
flow.) Moreover, any cross-section of the flow that is parallel to the chosen 
plane gives a velocity function identical to that in the original plane. Such 
a flow is called two-dimensional. 
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A second modelling assumption becomes apparent when we recall that a 
real fluid is actually composed of molecules that move and collide with one 
another, and with solid objects. In our model, however, we have assumed 
that a fluid is a continuum, and we also assume that any property of a 
fluid, such as velocity, can be defined by a function whose values vary 
continuously in the region occupied by the fluid. These assumptions are 
together called the continuum assumption. 


These first two assumptions describe real fluids accurately, except at 
microscopic scales. 


Our third modelling assumption concerns what happens when the fluid 
moves on from the pattern at a particular instant, such as that in 

Figure 1.1. In reality, the fluid velocity at each point will usually change 
with time, but in our model this complication is avoided by assuming that 
the flow is steady; this means that, for each point in the region occupied by 
the fluid, the velocity of the fluid at that point is independent of time. 
Thus Figure 1.1 represents the flow pattern at any time. 


Note that the assumption of steady flow is not the same as restricting the 
velocity of a point moving with the fluid to be constant as time passes. 
What is fixed in time is the flow velocity observed at any specified point of 
the flow region. 


We now summarise the basic features of our model for fluid flows, which 
allows us to investigate such flows using complex analysis. 


Basic fluid flow model 
We assume that 
e the flow is two-dimensional 


e the fluid forms a continuum, and any variation of the flow velocity 
within this continuum is continuous 


e the flow is steady. 


With these assumptions, we can represent the flow velocity at all 
times by a continuous complex function q, whose domain is the region 
occupied by the fluid. 


The requirements that the flow be both two-dimensional and steady can 
seem restrictive, since many possible flows are excluded. However, there 
are significant types of flow that satisfy these conditions, at least 
approximately; for example, the motion of air past an aeroplane wing in 
flight can for many purposes be modelled satisfactorily by a 
two-dimensional steady flow. 


At a point z where the fluid is at rest (has zero speed), the flow velocity 
satisfies g(z) = 0. Such a point is called a stagnation point of the flow. 
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Example 1.1 A Al AA 
Sketch the arrow diagram for the flow with velocity function yf Fe 
ss A AL A A 
qe) =e (z EC). A A A A . 
Solution fF 
fi et a Z AF A 
For each z, the flow has speed |e’*/4| = 1 and direction given by A ALA A 
Arg(e’*/*) = 7/4. The arrow diagram is therefore as shown in A A A 
Figure 1.3. 


Figure 1.3 Arrow diagram 

for the flow with velocity 
The velocity function in Example 1.1 is a constant function. A flow given function q(z) = e’7/+ 
by a constant velocity function is called a uniform flow or uniform 


stream. 


Figure 1.3 was easy to draw because all the arrows were the same length. 
When the arrow lengths (representing flow speeds) vary widely, it may not 
be a straightforward matter to sketch this type of picture. For this reason 
such diagrams are often drawn with arrows of fixed length, representing 
the direction of the flow at each point but not variations in speed. You are 
asked to adopt this approach in the next exercise. 


Exercise 1.1 


Sketch the arrow diagram for each of the following velocity functions, using 
arrows of fixed length. 


(a) g(z)=z (2€C) (b) gz) =i/z (ze C— {0}) 


Determining the velocity function is one of the most important parts of 
understanding the behaviour of a fluid flow that satisfies the basic fluid 
flow model. As you will see, the velocity function can then be used to 
obtain information about the actual motion of the fluid. 


The trajectory of a point moving with the fluid forms a path 
r:ig) (tel), 


which is called a streamline. In this context the parameter t represents 
time. At any point y(t) on the streamline at time t, the velocity is q(7(t)), 
and this is equal to the rate of change of position y'(t), which is a tangent 
vector to the streamline. (The interpretation of y’(t) as the tangent vector 
to the path T : y(t) (t € I) at the point y(t) was introduced in 

Subsection 4.1 of Unit A4, as was the term smooth path.) 


We make the following definitions. 
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Definitions 

A streamline (or flow line) through the point zo, for a flow with 
velocity function q, is a smooth path F : y(t) (t € I) such that 

e y(t) =a(7(t)), fortel 

e zo = (to), for some to E I. 

If g(zo) = 0 (that is, if zo is a stagnation point), then the point zp is a 


degenerate streamline, with constant parametrisation 


yt)=% (tel). 


A diagram showing a collection of streamlines for a flow is called a 
streamline diagram. 


Remarks 


1. Any streamline I : y (t € I) through the point zo has many 
parametrisations that differ from y only by a time translation (that is, 
by having the image zo at a different value of to). This corresponds to 
the fact that, for a steady flow, a description of the flow pattern is 
unaffected by the moment at which you choose to set a clock to 
measure time. 


2. A degenerate streamline is considered to be a special type of streamline. 
3. Note that streamlines may or may not be straight lines. 


4. Some texts refer to streamline diagrams as phase portraits. 


Consider, for example, the flow velocity function q(z) = e'*/+ (z € C) from 
Example 1.1. In this case we have 


y(t) =a) = 7/4, fort eR, 

so a streamline through the point zo is given by the parametrisation 
y(t) = zo +te'/*, forteR, 

where we have taken to = 0. 


To return to the general situation, note that we can use the condition 
y'(t) = ¢(y(t)) to sketch streamlines. At each point z, the velocity q(z) is a 
tangent vector to a streamline which passes through z (unless z is a 
stagnation point). For example, we constructed the streamline diagram in 
Figure 1.4(a) by ‘joining up the arrows’ of the arrow diagram in Figure 1.1. 
We indicate the flow direction along each streamline by a single arrowhead. 
Similarly, the streamline diagram for the flow of Example 1.1 is shown in 
Figure 1.4(b). 


b) 


Figure 1.4 (a) Streamlines with directions of flow indicated 
(b) Streamlines for the flow with velocity function q(z) = e'"/4 


The next exercise asks you to sketch streamlines for the flows that you 
considered in Exercise 1.1. 


Exercise 1.2 


Sketch a few streamlines for each of the flows with the following velocity 
functions. 


(a) g(z)=2 (ET) (b) g(z)=i/z (ze C— {0}) 


1.2 Developing the model 


We have chosen to restrict our attention to the steady, two-dimensional 
flow of a fluid forming a continuum, for which the fluid velocity throughout 
its domain is represented by a continuous complex function q. We now 
make two further modelling assumptions in order to represent the physical 
situation with a greater degree of accuracy, and to make more specific the 
mathematical problem of finding the flow velocity function q for a given 
flow. 


In order to describe these restrictions, we need to introduce the ideas of 
circulation and flux. As a necessary preliminary to this, we derive a useful 
expression for the component of velocity in a given direction and introduce 
a particularly convenient type of parametrisation. 


Suppose that the given direction is at an angle 6 from the positive real 
axis, specified by the complex number e”’. Let q(z) be the complex 
number representing the velocity at a point z. Thinking of q(z) asa 
vector, we let gg(z) denote the component of g(z) in the direction specified 
by e’’. Figure 1.5 shows two cases of how qg(z) is obtained by 

projecting q(z) perpendicularly onto the line through 0 and e”. 


1 Setting up the model 
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Figure 1.6 Rotating q(z) to 
calculate the component qq (z) 
in Figure 1.5(a) 
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A A 
al) 7 ¢ q(z) 
\ zZ 
\ \ 
z 0l) A qo(z) 
ger Y: we 
ef ae et? a 
La > La > 


(a) (b) 
Figure 1.5 Component qọ(z) of q(z) in the direction et: (a) gg(z) > 0, 
(b) qo(z) < 0 


Note that the component qọ(z) is positive, negative or zero, depending on 
whether the projection of the vector q(z) onto the line through 0 and e’? 
points in the same direction as et’, points in the opposite direction to e”, 
or is a single point. 


We now seek an expression for the component qọ(z) in terms of q(z) and 9. 
If we rotate both the complex number q(z) and the 6-direction line about z 
through the angle —0, then q(z) goes to q(z)e~”’ and the 6-direction line 
becomes parallel to the real axis. This is shown in Figure 1.6 for the 
situation in Figure 1.5(a). The component of q(z)e~ in the positive 
x-direction is 

Re(q(z)e~), 
and this is the same number as the component qg(z). Hence 

go(z) = Re(q(z)e~””). 
This last equation gives an expression for the component qọ(z) of q(z) in 


the direction specified by et. It turns out that the following variation of 
this formula is more useful: 


go(z) = Re(q(z)e~’) = Re(q(z)e“#) = Re(q(z)e’’). (1.1) 


This holds because the real parts of a complex number and its conjugate 
are the same. 


Example 1.2 
Find the component of g(z) = 2i (z € C) in the direction specified 
bye > 
Solution 
From equation (1.1), with q(z) = 2i and 6 = 7/6, we have 
Gnjo(2) = Re(2ie'”/®) 


= Re (-2i (cos = + isin =)) 


T 
= 2sin- = 1. 
o 
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Exercise 1.3 
Find the component of g(z) = 5e~‘7/® (z € C) in the direction specified 
by e2in/3_ 

Exercise 1.4 


Use equation (1.1) to show that the component of the velocity q(z) in the 
direction specified by the angle 9 — 7/2 can be expressed as 


q(6—n/2) (2) = Im(q(z)e”’). 


Equation (1.1) and the result of Exercise 1.4 can be rewritten in terms of 
the conjugate velocity function q, which has the same domain as q and 


has rule 
q(z) = (2). 
We have 
qo(z) =Re(Gz)e”) and qø-r/2)(2) = Im(q(z)e”’), (1.2) 


which will be of use shortly. 


Now suppose that T : y(t) (t € I) is any smooth path of finite length. It 
will be convenient to assume that y is a unit-speed parametrisation; 
that is, 


ly'(é)|} =1, forte T. 


For example, y(t) = 2(cos 4t + isin $t) (t € [0,47]) is a unit-speed 
parametrisation of the circle |z| = 2. 


The following result shows that we can find a unit-speed parametrisation 
of any smooth path of finite length. 


Theorem 1.1 


Let T : y(t) (t € [a, b]) be a smooth path of length L. Then there is 
another smooth parametrisation y(s) (s € [0, Z]) of T such that 


ly (Gl = Te 0s ee L 


Proof Since 7 is smooth, the real function t +> |y{(t)| is continuous on 
[a,b], so it has a primitive h, say. Assuming, as we can, that h(a) = 0, we 
obtain 


b 
MO = h(b) — h(a) f y{w)|du =e, 


by the Fundamental Theorem of Calculus (Theorem 1.2 of Unit B1). 
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Since h’(t) = |y (t)| > 0, we see from the Inverse Function Rule 
(Theorem 3.2 of Unit A4) that (h=!) (s) = 1/h'(t) > 0, for s € [0, L], 
where t = h~} (s). It follows that the function 

qls) =y (h (s)) (s € [0, L}) 


satisfies 


ly (s)| = Iyi (h1 (8)) (7+) (s)| = — =1, for0<s<lL, 


by the Chain Rule (Theorem 3.1 of Unit A4). 


Hence y is a smooth unit-speed parametrisation of I’, as required. E] 


Remark 


If |y/(s)| = 1 for 0 < s < L, then the parameter s measures length along T 
since if 0 < sı < sg < L, then the length of T from q(s1) to y(s2) is 


82 S2 
f wold = f lds = s2 — s1. 
S1 S1 


Note that it is traditional to use the letter s as a parameter for unit-speed 
parametrisations, since s represents length. 


Definitions 


Let T : 7(s) (s € [0, L]) be a smooth path with unit-speed 
parametrisation which lies in the domain of a flow with velocity 
function q. Then, for each s € [0, L], the velocity q(y(s)) has 


e tangential component qr(s) in the direction specified by y'(s) 


e normal component qy(s) in the direction specified by —iy/(s). 


These components are shown in Figure 1.7 in a case when both are 
positive. Since |y’(s)| = 1, it follows that y’(s) is a unit tangent vector at 
the point y(s) on T, for each s € [0, L], and —iy'(s) is a unit normal vector. 


(L) 


—iy"(s) 
Figure 1.7 Components of q that are tangential and normal to a smooth 
path T 


1 Setting up the model 


We now define the important concepts of circulation and flux in terms of 
these velocity components. Circulation and flux are both real quantities 
associated with a smooth path and a flow velocity, which have physical 
interpretations related to the fluid flow. 


Definitions 


Let T : y(s) (s € [0, L]) be a smooth path with unit-speed 
parametrisation which lies in the domain of a flow with continuous 
velocity function q. 


e The circulation of q along T is 


L 
w= || qr(s) ds. 
0 


e The flux of q across I is 


i 
Fr = f qn(s) ds. 
0 


In words, the circulation of q along I is 
L x the average value of gr on T, 
and the flux of q across I is 
L x the average value of qy on I. 


Roughly speaking, circulation measures the overall rate of the fluid flow 
along the path T, and flux measures the overall rate at which fluid flows 
across I. 


Now, for each s € [0, L], y’(s) has modulus 1, so we have y'(s) = e for 
some 0. Thus 

ar(s) = qo(y(s)) and qn(s) = qo-r/2(7(8)), 
so, by equations (1.2), 

qr(s) = Re(q(7(s)) 7'(s)) and qn(s) = Im(G(7(s)) 7'(s))- (1.3) 


It follows from equations (1.3), and the definitions of circulation and flux, 
that 


L 
ae l (ar(s) + iaw(s)) ds 


This final formula is actually valid for any contour I’, provided that the 
circulation Cp is defined as the sum of the circulations along the smooth 
paths which form I’, and the flux Fr is defined as the sum of the fluxes 
across these smooth paths. 
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Figure 1.8 A simple-closed 
contour I in a region R 
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Hence we obtain the following useful formula. 


Theorem 1.2 Circulation and Flux Contour Integral 


For any contour T in the domain of a flow with continuous velocity 
function q, we have 


Cp +iFp = [ae dz. 
ir 


We are now almost ready to make our final modelling assumptions. These 
are based on the following definitions. 


Definitions 
A flow with continuous velocity function q and domain a region R is 


e locally circulation-free if Cp = 0 for each simple-closed contour T 
in R whose inside also lies in R 


e locally flux-free if Fr = 0 for each simple-closed contour I in R 
whose inside also lies in R. 


Note that if R is simply connected, then the inside of any simple-closed 
contour in R automatically lies in R. Figure 1.8 shows a region R that is 
not simply connected and a simple-closed contour I in R whose inside also 
lies in R. 


We will assume for our model that any flow we consider has a velocity 
function that satisfies both of the conditions just defined. 


Definition 


An ideal flow is a fluid flow, defined by a continuous velocity function 
on a region, that is locally circulation-free and locally flux-free. 


The locally flux-free condition is equivalent, for a constant-density fluid, to 
the principle of conservation of mass, which states that mass (matter) is 
neither created nor destroyed. In the context of fluid flows this means the 
following: for any simple-closed contour I’ whose inside is in the flow 
region R, any flow of fluid mass inwards across IT must be exactly balanced 
by a flow of fluid mass outwards over the same period of time, so the mass 
of fluid associated with the inside of I remains constant. 


The need for the locally circulation-free condition is less obvious physically, 
and it is in fact a simplifying assumption. Its effect is that any small 
neutrally buoyant bead, whose surface velocity matches that of the 
adjacent fluid, does not rotate. For this reason, a flow with this property is 
also called irrotational. 


1 Setting up the model 


1.3 The conjugate velocity function 


An ideal flow is described by a continuous velocity function q, with domain 
a region R. As pointed out in the previous subsection, the conjugate 
velocity function g is defined by 


G(z) =q(z) (ZER). 
The function q is continuous, since q is continuous. 


Now, by the definition of an ideal flow, q is locally both circulation-free 
and flux-free. Hence, by Theorem 1.2, we have 


[awe dz = 0, (1.4) 
Tr 


for each simple-closed contour [I in R whose inside also lies in R. In 
particular, equation (1.4) holds for all rectangular contours whose insides 
lie in R, so it follows from Morera’s Theorem (Theorem 5.4 of Unit B2) 
that the conjugate velocity function q is analytic on R. 


The converse of this result also holds. If q is analytic on a region R, then, 
by Cauchy’s Theorem (Theorem 1.2 of Unit B2), 


i a(z) dz =0, 


for each simple-closed contour I in R whose inside also lies in R. 
Therefore, by Theorem 1.2, the flow with velocity function q is locally both 
circulation-free and flux-free. We have thus established the following result. 


Theorem 1.3 


A steady two-dimensional fluid flow with continuous velocity function 
q on a region F is an ideal flow if and only if its conjugate velocity 
function g is analytic on R. 


This theorem provides a method for finding a profusion of ideal flows, since 
the conjugate of each analytic function is the velocity function for an ideal 
flow. 


Example 1.3 
Find the ideal flow velocity function corresponding to the analytic 
function 

g(z)=e "4 (z EC). 


Solution 


—in/4 


The conjugate velocity function is G(z) = e , so the ideal flow 


velocity function is 
qlz) =t (zEC). 


Here are some exercises that relate to Theorem 1.3. 
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Figure 1.9 The geometric 
context for a to be a source, a 
sink or a vortex 
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Exercise 1.5 


For each of the following analytic functions, find the corresponding 
ideal flow velocity function. Draw a fixed-length arrow diagram to 
illustrate each answer. 


(a) g(z)=z (ZEC) (b) g(z)=1/z (z€C-{0} 
(c) g(2)=i/z (z €C- {0} 


Exercise 1.6 


Determine which of the following velocity functions defines an ideal flow. 


(a) a(z) =z (EC) (b) a(z)=i/z (zeC-{0} 
Exercise 1.7 


Let T be the unit circle {z : |z| = 1}. 


(a) Use Theorem 1.2 to find the flux across I of the velocity function 
q(z) = 1/2 (z € C— {0}). 

(b) Use Theorem 1.2 to find the circulation along I of the velocity 
function q(z) = —i/Z (z € C — {0}). 

(c) Explain why your answers to parts (a) and (b) do not contradict 
Theorem 1.3. 


Exercise 1.7 demonstrates that the flux or circulation of a flow can be 
non-zero for certain closed contours even when the flow is locally both 
circulation-free and flux-free. The example of Exercise 1.5(b) corresponds 
to outward flow of fluid along rays from the origin, a point where the fluid 
is somehow appearing; this flow is described as a source of strength 

Fr = 2r at the origin. The example of Exercise 1.5(c) corresponds to 
clockwise flow of fluid on circles around the origin; this flow is described as 
a vortex of strength |Cp| = 27 at the origin. More generally, we have the 
following definitions, which are illustrated by Figure 1.9. 


Definitions 

Let q be a velocity function for an ideal flow with flow region R, and 

let D be a punctured open disc in R with centre a. Then 

e ais a source of strength F if Fr = F > 0 for each simple-closed 
contour [Į in D that surrounds a 

e ais a sink of strength |F| if Fr = F < 0 for each simple-closed 
contour [Į in D that surrounds a 

e a is a vortex of strength |C] if Cr = C # 0 for each simple-closed 
contour I in D that surrounds a. 
An anticlockwise vortex is a vortex with C > 0, and a clockwise 
vortex is a vortex with C < 0. 


1 Setting up the model 


Remarks 


1. If the point a is a source, a sink or a vortex, then it is not in the 
region R. In this case q has an isolated singularity at a (see 
Subsection 1.1 of Unit B4). 


2. The fact that Fr and Cp are independent of the choice of the 
simple-closed contour [ is a consequence of the Shrinking Contour 
Theorem (Theorem 1.4 of Unit B2). 


To conclude this section we ask you to use the Cauchy—Riemann equations 
(Subsection 2.1 of Unit A4) to obtain an alternative formulation of the 
condition that a velocity function for an ideal flow should be locally both 
circulation-free and flux-free. 


Exercise 1.8 


(a) Let q be a continuous velocity function with domain a region R, and 
suppose that qı = Req and q2 = Imq have partial derivatives with 
respect to x and y that are continuous on FR. 


Prove that q is a velocity function for an ideal flow on œR if and only if 


OF a On ing 2 ot 
Ox Oy Ox Oy 


(b) Use your result from part (a) to verify that the velocity function 


q(z) =1/z (z€C— {0}) 


represents an ideal flow. 


=0 nR. 


Remark 


The two equations in Exercise 1.8(a) can be used to show that if q is a 
velocity function for an ideal flow, then 


Pan Pq Pa P 
Bn? + By =0 and On + BF =0 nR. 
Thus both qı and q2 satisfy the second-order partial differential equation 
u Ou Ò 
ðr? Əy ` 


You met this equation in Subsection 2.2 of Unit A4. It is called Laplace’s 
equation and it appears in many other branches of mathematics and 
physics, such as electrostatics. Any function that is a solution of Laplace’s 
equation is called a harmonic function. Thus the real and imaginary 
parts of the velocity function for any ideal flow are harmonic functions, as 
are the real and imaginary parts of any analytic function. It is known that 
solutions of Laplace’s equation, and all their partial derivatives of all 
orders, are continuous functions, except possibly at boundary points of the 
regions where they are defined, and this is a desirable physical property for 
modelling fluids. 
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The solution to Exercise 1.8(a) showed that a function q is the velocity 
function of an ideal flow (that is, it is locally both circulation-free and 
flux-free) if and only if the two equations given in that exercise both hold. 
This result can be separated into two constituent parts as follows. We will 
not provide a proof for this theorem. 


Theorem 1.4 


Let q be a continuous velocity function on a region R, and suppose 
that qı = Req and q2 = Imq have partial derivatives with respect to x 
and y that are continuous on R. 


The flow with velocity function q is 


(a) locally circulation-free if and only if 


Ogg OM 

oo — Oy =(0) wom 7k 
(b) locally flux-free if and only if 

Og. q2 | 

Pa ar Oy =() on kR. 


These conditions on qı and q2 are often easier to apply than the original 
definitions of locally flux-free and locally circulation-free, especially when 
only one of these properties holds. 


Exercise 1.9 


Use Theorem 1.4 to show that 


(a) the flow with velocity function q(z) = z (z € C) is locally 
circulation-free, but is not locally flux-free 


(b) the flow with velocity function q(z) = iz (z € C) is locally flux-free, 
but is not locally circulation-free. 


Remark 


In vector calculus notation, the locally circulation-free and locally flux-free 
conditions in Theorem 1.4 are expressed as curlq = 0 and div q = 0, 
respectively. 


In the next section you will see further consequences of the close link 
between ideal flows and analytic functions. 
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2 Complex potential functions 


Further exercises 


Exercise 1.10 


Find the component of q(z) = 3e”*/!? (z € C) in the direction specified by 
each of the following complex numbers. 


(a) e7 2iT/3 (b) —jįe72iT/3 


Exercise 1.11 


Use equations (1.2) to show that if 0 is any angle, then a velocity 
function q can be expressed in terms of its components by 


q(z) = (go(z) — iq¢o—n/2)(z))e”. 


Exercise 1.12 


Consider the velocity function 


1 
u()=1- (ze C-{0}). 
(a) Let I be the unit circle {z : |z| = 1}. Use Theorem 1.2 to show that q 
has zero circulation along I and zero flux across I. 


(b) Show that q is a velocity function for an ideal flow, using in turn: 
(i) Theorem 1.3, (ii) Theorem 1.4. 


2 Complex potential functions 


After working through this section, you should be able to: 
e understand and apply the definition of a complex potential function 


e find families of streamlines using a complex potential function and 
stream function 


e recognise examples of complex potential functions for a flow with a 
source, sink or vortex 


e appreciate the main features of a flow involving a doublet, and the effect 
of placing a doublet in a uniform flow. 
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2.1 An equation for streamlines 


For the rest of this unit we deal only with ideal flows, for which 
Theorem 1.3 provides a fruitful connection to the theory of analytic 
functions. You have already seen how to use this connection both to 
generate velocity functions for ideal flows and to test whether a given 
velocity function does indeed describe an ideal flow. 


We look next at an application to fluid flows of another important result 
for analytic functions, namely the Primitive Theorem (Theorem 5.3 of 
Unit B2), which states that if a function is analytic on a simply connected 
region R, then it has a primitive on R. 


Suppose that q is a velocity function for an ideal flow with domain a 
region R. Then, by Theorem 1.3, the conjugate velocity function q is an 
analytic function with the same domain R. Now suppose that ¢ has a 
primitive Q, say, on a region S C R; that is, 


O'(z) =z), fozes. 


In the context of ideal flows, a function Q that is a primitive of q is called a 
complex potential function, or simply a complex potential, for the 
flow. By taking the complex conjugate of the equation above, we see that 
the flow velocity function q is given in terms of the complex potential 
function by 


qlz) =O'(z), forzeS. 
The significance of the complex potential function requires some 
explanation. First, by Theorem 1.2, we have 


Cp + iF p = fa) dz, 
r 


where Cr and Fr are, respectively, the circulation along and the flux across 
any contour [ in R. 


Suppose that T is of finite length and lies within the region S on which the 
complex potential Q is defined. Then we can apply the Fundamental 
Theorem of Calculus (Theorem 3.1 of Unit B1) to deduce that 


Cr +iFp = [re dz = Q(B) — Q(a), 


where a and ĝ are the initial and final points of I. The real and imaginary 
parts of this equation are, respectively, 


Cr = ReQ(8)—ReQ(a) and Fr =Im(f) —ImMa). (2:1) 


Now, flux was defined in Subsection 1.2 as the integral along a smooth 
path T : y(s) (s € I) of the normal component qy(s) of the flow velocity 
q(7(s)). Thus if T is a streamline for the flow, that is, a trajectory of 
points moving with the fluid, then the flow velocity at each point 7(s) of T 
is a tangent vector to the path, as shown in Figure 2.1, so gqy(s) = 0 on T, 
and hence there is zero flux across I. 


2 Complex potential functions 


Figure 2.1 Velocity vectors at four points on a streamline T 


It follows that if a and 8 both lie on the streamline I, then, by applying 
equations (2.1) to the part of [ which joins a to 8, we obtain 


Im Q(6) = ImQ(a), (2.2) 
and hence Im (Q(z) is constant along the streamline. 


On the other hand, if T lies in S and has a smooth unit-speed 
parametrisation y(s), 0 < s < L, and equation (2.2) holds for all points 
a = y(a) and 8 = y(b), where 0 < a < b < L, then 


b 
f qn(s)ds=0, foral0<a<b< L, 


by the definition of flux. Since qy is a continuous function it follows that 
qn (s) = 0, for all s € [0, L], so T is part of a streamline for the flow. 


Thus we have the following result. 


Theorem 2.1 


Suppose that an ideal flow is defined on a region R, and 2 is a 
complex potential function for this flow on a region S C R. 


Then the streamlines for the flow within S are the smooth paths with 
equations of the form Im Q(z) = k, for some real constant k. 


Remarks 


1. This theorem states that for each streamline I in S, there is a real 
constant k such that Im Q(z) = k for all z € T. However, the set 
{z € S: ImQ(z) =k} can comprise more than one streamline. You will 
see examples of this type in Subsection 2.2. 


2. In some cases a velocity function q for an ideal flow with flow region R 
may not have a complex potential function on the whole of R, as 7 may 
not have a primitive on R. However, q will have a primitive on any 
simply connected region S C R, by the Primitive Theorem. 


If is a streamline for the flow in such a region S, then we may be able 
to extend the streamline to other parts of R by using a sequence of 
overlapping simply connected regions Sn, for n = 1,2,3,..., with 

Sı = S, on each of which there is an associated complex potential Qn, 
as illustrated in Figure 2.2. 
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Figure 2.2 Analytic continuation of a complex potential function 


Each complex potential of the sequence after the first is related to the 
previous one by direct analytic continuation (see Section 5 of Unit C1), 
and the extended streamline T is formed from the paths with equations 
ImQ, = k, with the same value of the constant k for each n. 


3. Theorem 2.1 can also be used to show that each point of a flow region 
has just one streamline through it; we omit the details. Despite this, it 
can sometimes appear that there are two streamlines passing through a 
point. However, this impression can occur only at a stagnation point, 
which is itself a degenerate streamline consisting of a single point. 


Theorem 2.1 demonstrates one reason why complex potential functions are 
of interest. For a complex potential function Q, we write 


Q(z) = (z) + 7U(z), 


where ® = ReQ and Y = Im? are real-valued functions. Then the paths 
described by the equations of the form 


W(z) = constant 
form the streamlines for an ideal flow. The function Y = Im? is therefore 
called a stream function for the flow. 


In the next subsection we look at several ideal flows given by various 
velocity functions. In each case we find a complex potential function and 
then the corresponding stream function. 


Exercise 2.1 


Show that the velocity function q for an ideal flow can be expressed 
directly in terms of a corresponding stream function Y as 


f oy Ow 
q(x + iy) = By W — Dg er): 


2 Complex potential functions 


2.2 Simple fluid flows 


In this subsection you will see several examples of ideal flows, some of 
which were mentioned in Section 1. In each case the starting point is a 
fairly simple velocity function for an ideal flow, from which we derive a 
complex potential and then obtain the corresponding stream function. 
This enables the streamline diagram to be drawn. Despite the simplicity of 
these cases, you will see later that they can be used as the building blocks 
for more complicated ideal flows. 


Our first example is the velocity function for a uniform flow, introduced in 
Subsection 1.1, which takes the same value at all points. 


Uniform flow 
The ideal flow with constant velocity function 
q(z)=a (zeEC), 


where a € C, is a uniform flow. 


If a = 0, then the fluid velocity is zero everywhere, and nothing moves. 
If a is non-zero, then the constant velocity implies that throughout the 
plane, the fluid moves uniformly in the same direction at the same speed. 


You can probably see immediately that the streamlines for this flow must 
be straight lines in the direction of the complex number a, as in 

Figure 2.3. However, in order to practise using Theorem 2.1, let us derive 
these streamlines by using a complex potential. 


tie 


Figure 2.3 Streamlines for a uniform flow 


Recall that if q is a velocity function for an ideal flow, then its conjugate 
function g is an analytic function, and any primitive of q is a complex 
potential Q for the flow. Here we have 


q(z) =, 


so Q(z) = @z is a complex potential for this flow. Now, by Theorem 2.1, 
the streamlines for this flow have equations of the form 


(z) = Im Q(z) = Im(@z) = constant. 


The imaginary part of 2 is the stream function for this flow. 
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To find the stream function, we let z = x + iy and a = a + ib. Then 
az = (a — ib)(x + iy) = ax + by + i(ay — ba), 

so the stream function is 
(z) = Im(@z) = ay — ba, 

and the streamlines are of the form 
Im(@z) = ay — bx = constant. 


If a #0, then these streamlines can be written in the form 
b 
y= -xz +k, where k is a constant, 
a 


which is a family of straight lines, each with gradient b/a, as in Figure 2.3. 


The case a = 0 corresponds to the family of vertical lines given by 
x= k, where kis a constant. 


But how do we determine in which direction the fluid flows along these 
streamlines? The stream function does not tell us, and instead we need to 
use the velocity function q. Since q(z) = a = a + ib, the flow direction 
along the streamlines is given by a= a + ib. In Figure 2.3 the arrows 
indicate that a and 6 are both positive. 


Our next example is slightly more complicated. First recall that any 
velocity function for an ideal flow must be the conjugate of an analytic 
function. 


Flow near a stagnation point 
The ideal flow with velocity function 
q(z)=Z (zEC) 


is an example of an ideal flow near a stagnation point. 


In this flow the point 0 is distinguished by the fact that the velocity is zero 
there; that is, 0 is a stagnation point of the flow. As q(z) = Z is not zero 
elsewhere, the streamline behaviour is more interesting elsewhere. 


The conjugate velocity function is G(z) = z, and a primitive of this is 
Q(z) = 527. Writing z = x + iy, we obtain 


12 = E(x + iy)? =4(a?-y?)+izy, so ImQ(z) = xy. 
Hence, by Theorem 2.1, the streamlines have equations of the form 
xy = k, where k is a constant. 


For k Æ 0 these are the hyperbolas shown in Figure 2.4; for k = 0 the 
streamlines form the real and imaginary axes. 


2 Complex potential functions 


Notice that, for each k Æ 0, the equation xy = k determines two 
streamlines. For example, the equation xy = 1 determines one streamline 
in the upper-right quadrant and another in the lower-left quadrant. 


Figure 2.4 Streamlines near a stagnation point 


Once again we use the formula for the velocity function, which is 

q(z) =Z = x — iy in this case, to establish the direction of flow along the 
streamlines. For example, in the upper-right quadrant, where x and y are 
both positive, q(z) points to the right and downwards. You can use a 
similar approach to determine the arrow directions in the other three 
quadrants, and also on each of the four half-axes. 


On the axes there are five separate streamlines: on the positive real axis 
and the negative real axis fluid moves away from 0, whereas on the positive 
imaginary axis and the negative imaginary axis fluid moves towards 0 (but 
never reaches it since the velocity gets smaller and smaller as it 
approaches 0). The stagnation point 0 is a degenerate streamline since 
fluid at that point does not move. 


Exercise 2.2 


Determine a complex potential function for the velocity function 
q(z)=—1z (z€C), 


and use this to show that the streamlines for this flow have equations of 
the form 


x? —y? =k, where k is a constant. 


Our next examples are velocity functions defined on C — {0}. 
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Flows with a source or sink 


The ideal flow with velocity function 
1 z 
O Ta (z € €= {0}) 


Z 


is an example of a flow with a source. 


The ideal flow with velocity function 
il Z 


q(z) = -37 EE (z €C— {0}) 


is an example of a flow with a sink. 


First we discuss q(z) = 1/Z. You can see from this formula that the 
conjugate of q(z) is an analytic function. The formula q(z) = z/|z|? for 
this velocity function shows that the direction of q(z) is the same as the 
direction of z, which points radially outwards from 0. This suggests that 
the streamlines must be rays directed outwards from 0, and we can confirm 
this by finding a complex potential for the flow. 


The conjugate velocity function in this example is G(z) = 1/z. Here we 
must be careful as this function is analytic on its domain C — {0}, but it 
does not have a primitive on the whole of this domain. However, we can 
take the principal logarithm function Log z as a primitive of g defined on 
Cr =C-—{x: x <0}, which is the complex plane cut along the negative 
real axis. Thus 


Q(z) = Logz = log|z| +i Argz (z € Cr). 

Therefore the stream function is 
(z) =ImQ(z) = Argz, for z € Cr, 

so, by Theorem 2.1, the streamlines within C, have equations of the form 
Arg z = constant. 


These are indeed rays emerging from 0, as shown in Figure 2.5. 


Figure 2.5 Radial streamlines from a source 


2 Complex potential functions 


Actually, this complex potential does not give us the streamline Arg z = 7, 
the negative real axis, because this ray is not in the domain of Log. 
However, this streamline would have appeared if we had used a generalised 
logarithm function such as Logs, whose domain included that ray. 


Since g(z) points outwards from 0, we have outwards pointing arrows on 
the streamlines. 


This example in which all streamlines move radially outwards is an 
example of a flow with a source, defined in Subsection 1.3, which behaves 
as if fluid is being fed into the system from a source at 0. Recall that the 
rate at which this happens is the source strength. This is the flux across a 
simple-closed contour I surrounding 0, given by Theorem 1.2 as 


iia L a(z) dz. 


Since ¢(z) = 1/z, Cauchy’s Integral Formula gives the value 277 for this 
integral, whatever simple-closed contour surrounding 0 is taken, so in this 
case 0 is a source of strength 27. 


Using the velocity function q(z) = —1/Z reverses the flow that we have just 
seen. The streamlines are identical but the direction of flow is inwards 
rather than outwards. Now the point 0 is a sink for the flow, and the flux 
across the simple-closed contour I is —27. Hence 0 is a sink of strength 27. 


More generally, if the velocity function is g(z) = c/Z, where c € R — {0}, 
then a complex potential function for the flow on C+ is c Log z, and 0 is a 
source of strength 27c if c > 0, and a sink of strength —27c if c < 0. 


Our next example is also a velocity function defined on C — {0}. 


Flow around a vortex 


The ideal flow with velocity function 
i iz 
=.= eC—{0 
d) = i= (€C-{0)) 


is an example of a flow around a vortex. 


For this velocity function the direction of flow is the same as the direction 
of iz, which is the same as the direction of z rotated anticlockwise through 
an angle of 7/2. So q(z) is directed perpendicular to the ray from 0 
through z, and it seems likely that the streamlines are circles centred at 0 
with the fluid moving around them anticlockwise. 
The conjugate velocity function in this example is G(z) = —i/z. Using the 
same primitive of 1/z as before, namely Log z = log |z| + i Arg z, we find 
that 

Q(z) = —i Log z = Argz—ilog|z| (z € Cr), 
so 

ImQ(z) = —log|z|, for z € Cr, 
and this function is constant whenever |z| is constant. This confirms that 
the streamlines are circles centred at 0, as in Figure 2.6. 
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Figure 2.6 Streamlines around a vortex 


This is an example of a flow with a vortex. In this case the flux across any 
simple-closed contour around 0 is zero. However, there is some circulation, 
which we use to measure the vortex strength. This is the (absolute value 
of) the circulation along a simple-closed contour I surrounding 0, given by 
Theorem 1.2 as 


Re i a(z) dz, 


and in this case we again obtain the value 27. Since 27 > 0, the vortex 0 is 
an anticlockwise vortex. We can obtain a clockwise vortex flow by starting 
with q(z) = —i/Z. 

A similar calculation shows that if the velocity function is q(z) = ic/Z, 
where c € R — {0}, then a complex potential for the flow on Cy is 

—ic Log z, and 0 is a vortex of strength |27c]. 


The next exercise shows how, by taking a linear combination of the simple 
velocity functions studied so far, you can describe another type of fluid 
flow. 


Exercise 2.3 
Determine a complex potential function for the velocity function 
—14+ 8 

q(z) = —=— 


Hence sketch the streamlines for this flow and determine the corresponding 
sink strength and vortex strength. 


(z € C- {0}). 


(Hint: To get a full picture of the streamlines, you will need to consider 
more than one complex potential function.) 


2 Complex potential functions 


2.3 A doublet in a uniform stream 


Our next example of a velocity function is again defined on C — {0}, but it 
gives a new type of fluid behaviour. You will see from the streamlines that 
this flow appears to be the result of combining features of both a source 
and a sink. 


Flow due to a doublet 


The ideal flow with velocity function 
1 A 
qz) = -5 = TE (z €C— {0}) 


is an example of a flow due to a doublet, or dipole. 


It is not immediately obvious what the streamlines are from the velocity 


function, so we will obtain a complex potential. Since g(z) = —1/z?, we 
can take 
W2) =.= 55 (ec {0} 
(z) z |z]2 (z E ’ 


and hence, with z = x + iy, we have 

U(z) =ImQA(z) = TF for z € C — {0}. 
This equation shows that, by Theorem 2.1, the streamlines have equations 
of the form 

r? +y =ky or y=0, 


where k is a constant. The equation y = 0 determines two streamlines: the 
positive real axis and the negative real axis. The equation z? + y? = ky 
can be written in the form 


2 
TETE 
which is the equation of a circle with centre at Ski and radius 5\kl. This 
family of streamlines is shown in Figure 2.7. 


A 


Figure 2.7 Streamlines near a doublet 
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The directions of the arrows can be found by using the formula for q(z) to 
check the directions at simple points such as those on the axes (for 
example, q(1) = —1 and q(t) = 1), and by using the continuity of q. 


The behaviour of a flow near a doublet combines that of a source and a 
sink, since fluid appears to be fed into the system from the origin to the 
left half-plane and simultaneously sucked out of the system from the right 
half-plane. 


Our next example is the combination of a uniform flow (also called a 
uniform stream) and a doublet. 


Flow due to a doublet in a uniform stream 


The ideal flow with velocity function 


a2 
q(2)=1-< ee 


where a is a positive constant, is an example of a flow due to a 
doublet in a uniform stream. 


This is an important example, as you will see in Section 4, and in this case 
it is quite difficult to find the streamlines explicitly. 


Far from 0, the term —a?/Z? in the velocity function is insignificant 
compared to the term 1, so here the flow should closely resemble a uniform 
flow with velocity 1. Near to 0, however, it is the term —a?/Z? that 
dominates, so the flow behaviour close to 0 should resemble that of a 
doublet. That leaves the interesting question of how these two flow regimes 
join up. 

We can immediately find any stagnation points of the flow, that is, points 
where q vanishes. Observe that 


q(z) =0 2 =a. 


So there is a pair of stagnation points on the real axis, one on either side 
of 0, at ta. These stagnation points make sense physically as they are 
points where the velocity of the uniform flow (directed to the right) is 
exactly balanced by the flow (directed to the left) due to the doublet. 


Also, a property of both the uniform flow and the doublet is their 
symmetry under reflection in the real axis, so we would expect this 
property to be true in this example. 


To look at the streamlines more closely, we find a complex potential. The 
conjugate velocity function is 


a2 


Ie)=1-5 (ze C-{0}), 


so we can take 


“2 
Q(z) =a (z € C- {0}). 


2 Complex potential functions 


Hence, with z = x + iy, we have 


2 
a 
W(z) =ImQ(z) = y| 1 — ~—-, ]}. 
(2) = m94) =y(1- 545) 
The streamline equation is obtained by setting this expression equal to a 
constant k. If k = 0, then there are two possible solutions: 


y=0 or 2? +7? =a. 
The corresponding streamlines form four intervals of the real axis, the 
upper and lower halves of the circle with centre at 0 and radius a, and the 
two stagnation points ta. If k 4 0, then we can rewrite the stream 
equation in the form 


— a? 2 
aia 1—k/y = 


It is not easy to plot the streamlines using this equation, but we now have 
a good qualitative understanding of the overall streamline behaviour, as 
shown in Figure 2.8. 


| 


Figure 2.8 A doublet in a uniform stream 


Roughly speaking, outside the circle |z| = a this flow resembles a uniform 
flow, and inside that circle it resembles a doublet flow. 


Finally, we point out that in any fluid flow there is no flux across a 
streamline, so we can treat any streamline as the solid boundary of a flow 
lying on either side of that streamline. For example, we can treat the circle 
|z| = a as a solid circular boundary in Figure 2.8, so the fluid flow outside 
that circle can be interpreted as the result of placing a solid cylinder with 
circular cross-section in a uniform stream in three dimensions. This idea 
will be taken up and developed in Section 4 where we study the fluid flow 
past an obstacle. 
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The next two exercises show that the doublet flow can be thought of as the 
limit of a process in which a separate source and sink are brought ever 
closer together. Part (b) of Exercise 2.4 is challenging and depends on 
some facts about triangles and circles from Euclidean geometry. 


Exercise 2.4 


(a) Let h > 0. Show that the velocity function 
1 1 
de) =>- (@€C-{0,4}) 
has a complex potential function 
Q(z) = Logz — Logz- h) (2€C—{xeER:2a<h}) 
and stream function 
W(z) = Argz—Arge(z—h) (2zeC—{xeER:2<h}). 
(This represents the flow resulting from the combination of a source 


at the origin and a sink at z = h, both of strength 27.) 


(b) Show that the streamlines for this flow are circular arcs terminating 
at z = 0 and z = h, with the centres of the circles lying on the vertical 
line xz = sh, and also three intervals of the real axis. Hence draw a 
rough sketch of the streamlines for this flow. 


(Hint: Use the fact from elementary geometry that if a line segment 
subtends equal angles at two or more points, then these points and 
the two endpoints of the line segment all lie on a common circle.) 


Exercise 2.5 


The velocity function 
()=2(S-s) eec- {0h} 
MEEN ae ERN 


where h > 0, represents the same type of flow as in Exercise 2.4, but with 
the strengths of the source and sink now equal to 27/h, which is inversely 
proportional to the distance between them. 


Show that 


jaya 


is the velocity function for a doublet. 


Further exercises 


Exercise 2.6 
Consider the ideal flow with velocity function 
2 
(2) =2+= (2€C-{0}), 


which is a uniform flow on which is superposed a source at 0. 


(a) Write down a complex potential function and a stream function for 
this flow. 


=~ 


b) Calculate the only stagnation point for this flow. 


Given that there is a streamline for this flow that approaches this 
stagnation point from the upper half-plane, find the equation of this 
streamline, and find the equation of a second streamline that 
approaches the stagnation point from the lower half-plane. 


— 
Q 
sar 


(d) Determine how the two streamlines found in part (c) behave for large 
values of z. Use this information to draw a rough sketch of the 
streamlines for this flow. 


Exercise 2.7 
Prove that if the velocity function for an ideal flow with flow region C is 


bounded, then the flow is uniform. 


(Hint: Use Liouville’s Theorem (Theorem 2.2 of Unit B2).) 


3 The Joukowski functions 


After working through this section, you should be able to: 


e define the basic Joukowski function J and the family of Joukowski 
functions Ja, where œ is a non-zero complex number 


e understand some of the properties of the Joukowski functions 
e describe some of the properties of the inverse functions J~' and Jg! 


e appreciate why the images of certain circles under a Joukowski function 
have an aerofoil shape, and how this aerofoil shape is related to the 
critical points of the function. 


In this section we study in detail a family of analytic functions that are of 


particular relevance to the analysis of fluid flow past a wing-shaped object. 


We then apply these functions to solve various fluid flow problems in the 
final sections of the unit. 
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3.1 The basic Joukowski function 


We start with the basic Joukowski function (where Joukowski is 
pronounced ‘jew-coff-ski’) 


Ia)=z+> (2€C-{0)). 


On its domain C — {0} this function is not a conformal mapping, since its 
derivative is 0 at the two points +1. However, by restricting the domain 
of J to the region {z : |z| > 1} we do obtain a useful conformal mapping, 
as shown in the following theorem. The proof of part (c) is challenging and 
may be omitted on a first reading. 


Theorem 3.1 
The function J(z) = z+ 1/z has the following properties. 


(a) J maps the circle {z : |z| = 1} onto the line segment [—2, 2], 
with J(1) = 2 and J(—1) = -2. 


(b) J maps the region {z : |z| > 1} conformally onto the 
region C — [—2, 2]. 


(c) The restriction of J to {z : |z| > 1} has inverse function 
J=! (w) = 3(wtwV/1-4/w?) (w eC- [-2,2]). 


(d) J has a non-vanishing derivative at all points of C — {0} 
except z= 1. 


Proof We prove properties (a) and (b) at the same time by expressing 
the function J as a composition of simple conformal mappings, following 
the approach used in Subsection 4.3 of Unit C3. To do this, we first 
rewrite the equation 


w=z+-— 
z 


in an equivalent form. We have 


1 e | 1)? 
wtdertap pa errr _ (+1) 

FA FA FA 
and 


1 22-2241 — 1)? 
w I= 2+ == Z+ _@ A 
z 


z Z 
w2 z+1\ 
w—2 Neo 


Rearranging this equation, we obtain 


SO 


This equation shows that J can be expressed as a composition of three 
simpler functions: 


3 Z2 = 21; w= 
z=] 


The composition of these three functions is illustrated in Figure 3.1. 


z1 = . 
Z2 — 1 


OO, ee) 


A 
z+1 
ZL = 
R aml | Ri 
I ae | 
7 \ | 
t + b > e o > 
vO] 71 —1 a 
sde l 
| 
| 
| 
| 
z-plane zı-plane 
J 22> at 
A A 
S Rə 
© 6 SS SS a A 00 = ———— — o—_Oo—____—__> 
—2 2 0 1 
B 2z2 +2 
7 z9 = 1 
w-plane z2-plane 


Figure 3.1 The Joukowski function as a composition of simpler functions 


The region R = {z : |z| > 1} in the top left-hand corner of Figure 3.1 has a 
boundary in C that consists of the unit circle together with the point at 
infinity. The points 0 and oo are inverse points with respect to the unit 
circle. The Mobius transformation 

2+1 

z=1 


zı = 


sends 0 and œ to the points —1 and 1, respectively, which are inverse 
points with respect to the image boundary. Also, the point 1 on the unit 
circle is sent to co, so the unit circle must map onto the extended 
imaginary axis. The boundary point of R at co is mapped to 1, and —1 is 
mapped to 0. Hence, by Theorem 4.1 of Unit C3, the region R is mapped 
onto the right half-plane with the point 1 removed, which is the region 

Ri = {z : Rez > 0} — {1}. 

Next we apply the square function z2 = z? to send R, onto the standard 
cut plane C, = C— {x € R: x < 0} with the point 1 removed, which is the 
region R = Cr — {1}. 
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Finally, the Möbius transformation 
229 +2 
— 
z2—1 


maps the ‘missing’ point at 1 to oo, and it maps the points 0 and oo to the 
points —2 and 2, respectively. Thus the extended real line is mapped onto 
itself, and the negative real axis together with 0 and oo is mapped onto the 
interval [—2, 2]. Since any Möbius transformation is a one-to-one mapping 

from C onto C. we see that the image of the region Rz under this Möbius 

transformation is the region S = C — [—2, 2], as required. 


Overall, therefore, J maps the unit circle onto the interval [—2, 2], and 
since all the mappings in Figure 3.1 are one-to-one and conformal on the 
given regions, J is a one-to-one conformal mapping from R onto S. 


To prove part (c) we need to find a formula for the inverse function of this 
restriction of the Joukowski function. Suppose then that w = J(z), where 
w ES and z E€ R. If we try to solve the equation 


w=J(z)=z+1/z, that is, z?-wz+1=0, 


to obtain z in terms of w by using the quadratic formula, then we obtain 


z=4(w+ Vw? — 4), 


and unfortunately it is not clear that this formula gives an analytic 
function, no matter which square root we use. Instead we solve the 
equation 2? — wz + 1 = 0 in a different way. 
After completing the square, this quadratic equation is equivalent to 

(z = tw)’ = Iw? —1. 
Then on multiplying both sides of this equation by (2/w)? = 4/w?, we 
obtain 

(Q2/w — 1} = 1 — 4/w?. 
Now, on the region S, the function w ++ w? maps S onto C — [0, 4], so the 
function w —> 1 — 4/w? maps S onto Cy. Since the principal square root 


function is analytic on C,, the function w —> ,/1 — 4/w? is analytic on 
the region S. Thus, for w € S and z € R with w = J(z), we have 


22/w-1l=+/1-4/w?, that is, z = (w + wy1-— 4/w?), 


and either choice of sign in this formula gives the rule for an analytic 
function on S. 


Since the inverse function we seek is a one-to-one mapping of the interval 
(2,00) onto the interval (1,00), we deduce that the choice of sign in the 
above formula must be +, at least for values of w on the interval (2, 00). 
Therefore, by the Uniqueness Theorem (Theorem 5.5 of Unit B3), the 
inverse function must have the rule 


wr > 5(wtw/1-4/w?), forwes. 


Part (d) holds because 


1 
1 _ 1 
J(z)=1- 5, so J (4) =0 21, - 


We now discuss how the function J behaves geometrically on the region 
R={z: |z| > 1}. 


For values of z such that |z| is large, the quantity 1/z is close to 0, so 
J(z) = z+1/z is close to z. This implies that such points z are not moved 
far by the function J. 


However, the behaviour of J near the unit circle is more interesting. It may 
seem strange that the function J maps the unit circle onto a line segment, 
a set that is ‘pointed’ at both ends. This property can be linked to the fact 
that the endpoints of the line segment, 2 and —2, are the images of the 
points 1 and —1, respectively, and the derivative of J is zero at 1 and —1. 


Recall that if f is an analytic function and a is a point of its domain at 
which f’(a) #0, then f is conformal at a; that is, f preserves the angle 
between any two smooth paths that meet at a (Theorem 4.2 of Unit A4). 
However, if a is a point for which f'(a) = 0, a so-called critical point 

of f, and f”(a) Æ 0, then the effect of f is to double the angle between two 
smooth paths emerging from a; see the remark after the proof of the Local 
Mapping Theorem (Theorem 3.2 of Unit C2). 


This helps to explain why the image of the unit circle under J is pointed 
at both ends. The unit circle can be thought of as a pair of semicircular 
smooth paths meeting at the points z = +1, with an angle m between them 
at each of these points. So we can think of the images of these two paths 
as two copies of the line segment between 2 and —2 meeting at an angle 27 
at each end, producing the pointed image. 


Another way to understand the effect of the function J on the unit circle is 
to parametrise this circle as 


z= e", O0<t<2r. 
Then 
J(2)= J(e) =e" + tye" 
= (cost + isin t) + (cost — isin t) 
= 2cost. 


So, as t increases from 0 to 27, the point z = e” traverses the unit circle 
once anticlockwise, starting and finishing at 1, and the image J(z) = J(e”) 
traverses the line segment [—2,2] twice: first it moves from 2 to —2 (as t 
increases from 0 to 7) and then it moves back from —2 to 2 (as t increases 
from 7 to 27). 


The function J maps points near the upper half of the unit circle to points 
just above the line segment [—2, 2], whereas points near the lower half of 
the unit circle are mapped to points just below this line segment. The next 
exercise asks you to confirm this behaviour of J by calculating the effect 
of J on certain line segments outside the unit circle. 
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Exercise 3.1 


(a) Show that ifr > 1, then J is a one-to-one mapping of the real interval 
[1,7] onto the real interval [2,r + 1/r]. 


(b) Show that if r > 1, then J is a one-to-one mapping of the line 
segment on the imaginary axis with endpoints 7 and ir onto the line 
segment on the imaginary axis with endpoints 0 and i(r — 1/r). 


3.2 A family of Joukowski functions 


In this subsection we introduce a general family of Joukowski functions in 
order to increase our range of possible applications to fluid flow. First we 
write 


Juz) =z+— (we C—{0}), 


where a > 0. The functions J, are closely related to the basic Joukowski 
function J = Jı, and we can deduce the properties of these functions Ja by 
observing that 

2 


a 1 
Ja(z) =z2+ aa a(z/a+ z) 
This equation tells us that w = Ja(z) can be obtained by composing three 
functions: 


e the scaling z1 = z/a 
e the basic Joukowski function z2 = J (z1) = 21 + 1/21 
e the scaling w = az2. 


This representation of Ja as the composition of two scalings with the 
function J allows us to deduce the following properties of Ja from the 
properties of J obtained in Theorem 3.1; we omit the proof. 


Theorem 3.2 
For a > 0, the function Ja has the following properties. 


(a) Ja maps the circle {z : |z| = a} onto the line segment |[—2a, 2a], 
with J(a) = 2a and J(—a) = —2a. 


(b) Ja maps the region {z : |z| > a} conformally onto the 
region C — [—2a, 2a]. 


(c) The restriction of Ja to {z : |z| > a} has inverse function 
Ja (w) = (w+ wy 1- 4a?/w?) (w e€ C- [-2a, 2a]). 


(d) Ja has a non-vanishing derivative at all points of C — {0} 
OGIO 2 = sc. 


The next exercise investigates the effect of the Joukowski function J, on 
certain curves that lie outside the circle {z : |z| = a}. It is convenient to 
use the notation C, = {z : |z| = r}, where r > 0, throughout the rest of 
this unit. 


Exercise 3.2 


(a) Show that if r >a, then Ja is a one-to-one mapping of the circle C, 
onto the ellipse in the w-plane (where w = u + iv) with equation 


u? v? 


CHAN eY 
shown in the figure below. 


(Hint: Use the parametrisation z = re”, for 0 < t < 27, of Op.) 


=1, 


(b) Suppose that 6 € (0,7/2). Show that Ja is a one-to-one mapping of 
the ray Rg = {te}? : a < t < co} onto the part of the hyperbola with 
equation 

2 2 
u v 
E a 4a? 
cos*@ sin“ 6 


that lies in the upper-right quadrant. 


A Ja 
Ro — 
r+a?/r 
=> T > > 
C, Ja (Cr) 
J. 
z-plane w-plane 


Next we combine two results about the mapping properties of the 
Joukowski functions Ja in order to obtain insight into why these functions 
have relevance to studying the flow past a wing-shaped object. 


The function Ja(z) = z + a?/z maps 

e the circle Ca = {z : |z| = a} onto the line segment [—2a, 2a], as we saw in 
Theorem 3.2(a) 

e the circle C} = {2z : |z| =r}, where r > a, onto the ellipse with equation 


u? v? 


as we saw in Exercise 3.2(a). 


= 1, 
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Consider now the circle 


C={z:|z+b|=a+ 5}, 


where 0 < a < r and b = 5(r — a) > 0. This circle C, shown on the 


left-hand side of Figure 3.2, has centre —b and radius a+ b. It has the 
same tangent at z = a as the circle Ca, so its image curve J,(C) can be 
expected to resemble that of Ja(Ca) = [—2a, 2a] in the vicinity of the point 
w = 2a. In particular, J,(C) should be pointed at w = 2a; more precisely, 
it should have a cusp at that point, which means roughly speaking that 
the upper and lower parts of the image curve meet at an angle of 0. On 
the other hand, C has the same tangent at z = —r as the circle Cp, so 
Ja(C) can be expected to resemble the ellipse Ja(C;) in the vicinity of 
w = —(r + a?/r), as shown in Figure 3.2. 

A A 


Ja 


~~ 


“a “(r+ a?/r) Ja(Cr) 


Kiet 
j ' pau 


—2a 2a 


Jz} 


a 


Figure 3.2 A Joukowski function mapping a circle onto an aerofoil 


At all points of C other than z = a we have J/(z) Æ 0, so the image 
contour is smooth except at the single image point w = 2a. Also, the 
mapping J, preserves the symmetry of C under reflection in the real axis, 
since J,(Z) = Ja(z), for all z € C — {0}. 

These features of J,(C’) can be seen on the right of Figure 3.2. The 
wing-shaped set with boundary J,(C) is an example of a type of set called 
a Joukowski aerofoil. Such sets are described in more detail in Section 5, 
where we model the fluid flow past them using the function Ja. 


In order to model the fluid flow past aerofoils that are inclined at an angle 
to the real axis, we extend the family of Joukowski functions Ja by 
allowing the parameter to be any non-zero complex number; that is, we 
consider the functions 
a2 
Jalz)=z+ a 
where a is any non-zero complex number. 


In the same way that we expressed w = Jq(z) as the composition of three 
simpler functions, we can decompose the equation w = Ja(z) as follows: 


e the complex scaling z, = z/a 
e the basic Joukowski function z2 = J(z1) = 21 + 1/21 


e the complex scaling w = az. 


This composition allows us to deduce the following properties of Ja from 
Theorem 3.1; once again we omit the proof. Here and later in the unit we 
use the notation L(a, 8) to denote the closed line segment in C with 
endpoints a and £. 


Theorem 3.3 
For a € C — {0}, the function Ja has the following properties. 


(a) Ja maps the circle {z : |z| = |a|} onto the line segment 
L(—2a, 2a), with J(a) = 2a and J(—a) = —2a. 


(b) Ja maps the region {z : |z| > |a|} conformally onto the 
region C — L(—2a, 2a). 


(c) The restriction of Ja to {z:|z| > |a|} has inverse function 
Ja (w) = 3(w+wy/1— 4a?/w?) (w € C — L(—2a, 2a)). 


(d) Ja has a non-vanishing derivative at all points of C — {0} 
CADE Z = scGy, 


There is another way to write w = J,(z) as the composition of three 
functions, which will prove useful in the next section. For this method we 
let ¢ = —Arga; that is, a = jale~*®, where =r < ġ < m. Then 


á 7 al? 
Jalz)=z+ ee (ae + ee): 
so w = J,(z) is a composition of the three functions 
e z = ze’® (a rotation about 0 through the angle ¢) 
e 2 = Jy (21) = 21 + |a|? /z1 (a mapping Ja, with a = |a|) 
e w =e? zs (a rotation about 0 through the angle —¢). 
Thus if we denote by Rg the rotation about 0 through the angle ¢, then 


dp = Ry Sige Re: (3.1) 


The next exercise asks you to use this decomposition of Ja to find the 
image of a circle under the function Ją for a particular complex number a. 


Exercise 3.3 


Use the result of Exercise 3.2(a) together with equation (3.1) to show that 
the image of the circle C, = {z : |z| =r}, where 0 < a < r, under the 
mapping Jia, is the ellipse 


u? v? 
E = ) [ee @  — — 1 
(ti ae Eee 
illustrated in Figure 3.3, and that Jj, maps the region {z : |z| >r} onto 
the unbounded region with E as its boundary. 
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Figure 3.4 illustrates the decomposition of J, given in equation (3.1), and 
also illustrates parts (a) and (b) of Theorem 3.3. 


—2|a| 2a 


Figure 3.4 Decomposition of a Joukowski function Ja, where Arga < 0 


Further exercises 


Exercise 3.4 


Consider the set 
K = [-2,-1] U {z : |z| < 1} U [1, 2], 


consisting of a closed disc of radius 1 with two line segments attached, 
illustrated in Figure 3.5. 


Use the result of Exercise 3.1(a) to show that the Joukowski function J is 
a one-to-one conformal mapping from C — K onto C — [-3, 3]. 


Figure 3.5 The set K 


The final exercise in this section is challenging; its result will be needed for 
one of the further exercises of Section 5. 
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Exerc 


ise 3.5 


Let C be the circle centred at ib, where b > 0, that passes through the two 


points 4 


1, making an angle 0 € (0,7/2) with the unit circle at each point. 


Prove that the image of the circle C under J is a circular arc in the upper 
half-plane with endpoints +2, as shown in the figure. 


(Hint: Use the decomposition of the basic Joukowski function 
J(z) = z+1/z given in the proof of Theorem 3.1, and remember that 


Möbius transformations preserve angles whereas the function z > 2? 
doubles acute angles.) 
A A 
J 
> 
J(C) 
/N20 20/\ 
—2 2 


Origin of the Joukowski functions 


In the late nineteenth century, the possibility of creating a powered 
flying machine was investigated by scientists, mathematicians and 


engin 


eers in several countries. The Russian mathematician Nikolay 


Yegorovich Zhukovsky (1847-1921), whose surname is commonly 
written as Joukowski, worked extensively on fluid flows. In the 1880s 
he realised that complex analysis, and in particular the conformal 
mappings now named after him, could help us to understand how the 
flow of air past a suitably shaped object could cause ‘lift’, and so 
contribute to solving the problem of powered flight. 


Using these mappings, Zhukovsky produced the first theoretical 
predictions of the lift due to the flow of air around an object with a 
rounded nose and a sharp trailing edge, and also tested his theory by 
building a wind tunnel. He is regarded as a key figure in Russian 
aviation history, and the city of Zhukovsky (near Moscow) and its 
international airport are named after him. 


Historically, Zhukovsky’s Russian name was written as Joukowski, or 
Joukowsky, when using the roman alphabet, and this is still the usual 
spelling for mathematical objects associated with him. 
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Figure 4.1 A doublet ina 
uniform stream 


Figure 4.2 Uniform flow past 
the closed disc Ka 
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4 Flow past an obstacle 


After working through this section, you should be able to: 


e explain the main features of the flow past a disc due to a uniform stream 
with circulation 


e explain what is meant by an obstacle, and state the Obstacle Problem 


e solve the Obstacle Problem for flows around certain symmetric obstacles, 
with or without circulation, by applying the Flow Mapping Theorem. 


4.1 Flow past a circular cylinder 


In this subsection we return to a flow considered in Subsection 2.3, a 
doublet in a uniform stream (see Figure 4.1), for which the velocity 
function is 


2 
q(z) =1— 5 (ze C — {0}), (4.1) 


and a corresponding complex potential function is 


ae 
Q(z) RET (ze C — {0}). 


Here, and throughout this section, the letter a denotes a positive real 
number. As you will see, it is no accident that this formula for Q(z) is 
closely related to the Joukowski function. 


Exercise 4.1 


Consider the flow with velocity function q(z) = 1 — a?/z? (z € C — {0}). 


(a) Verify that the points z = a and z = —a are the only stagnation 
points of the flow. 


(b) Show that 
q(ae") = (—2isint)e”, for 0<t< 2r. 


Hence derive the flow speed at the point z = ae“ on the circle 


{23 j| =a} 


In Subsection 2.3 we claimed that equation (4.1) is the velocity function of 
a uniform flow past a solid cylinder with circular cross-section of radius a 
(see Figure 4.2); the cross-section of this cylinder can be taken to be the 
closed disc 


Ka = {z: |z| <a}, where a> 0. 


We use this notation for a closed disc with centre 0 and radius a 
throughout the rest of this unit. 


This claim was based on the fact that the circle 


OK, = Ca = t42: |l =a} 


is made up of streamlines. However, there are other ideal flows for which 
the circle Ca is made up of streamlines. As you saw in Subsection 2.2, the 
complex potential function 


Q(z) = —icLogz (z€C,), 


where c € R — {0}, corresponds to the flow around a vortex with 
strength |27c|, and all the streamlines are circles with centre 0. If c > 0 
then the flow is anticlockwise, and if c < 0 then the flow is clockwise. Thus 
it is reasonable to guess that the complex potential function 
2 
a 
Qa elz) =z + — —icLogz (z€C,) 
z 


might correspond to the velocity function for an ideal flow for which C'a is 
made up of streamlines. This flow will play a major role in the rest of this 
unit, so we record its main properties in a theorem. 


Theorem 4.1 
For a > 0, c € R, the ideal flow with velocity function 


wacl2)=1-G-* (ecto) 


and complex potential function 


2 
Mel =2+ = —icLogz (z€C,) 


has the following properties: 
(a) jm da,e(2) = 1 
(b) OK, = Ca is made up of streamlines for the flow 


(c) for any simple-closed contour I surrounding Ka, 


G) r= Re | Tma e) 0z = mre 
F 


(m) J = im f Gat ae — 0: 
T 


Remarks 


1. Note that Qa (z) has domain the cut plane C, (because its formula 
includes Log z) and 


OF, ale) =qac(z), for z E€ Cr, 
but qa, has the larger domain C — {0}. 
2. We write lim qa (z) = 8 to mean that 
2900 
da,c(z) > B as z > œ. 
Limits of this type were discussed in Subsection 1.3 of Unit C3. 
3. Property (c)(ii) is in fact a consequence of property (b). 
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Proof of Theorem 4.1 Property (a) follows immediately from the 
formula for qa,c(z). 


To verify property (b), first recall from Theorem 3.2 that Ja maps the 
circle Ca onto the interval |—2a, 2a]. Therefore, for z € Ca and z # —a, we 
have 
Im Q(z) = Im(z + a?/z — ic Log z) 

= Im(Ja(z) — ic Log z) 

= 0 + Im(—ic Log z) 

= — Im(ic(log |z| + i Arg z)) 

= —cloga. 
Since —cloga is a constant, the set Ca is made up of streamlines for qa,c, 
by Theorem 2.1. (To include z = —a on a streamline, we can consider a 
generalised logarithm function with a different cut plane, as discussed for a 
flow with a source in Subsection 2.2.) 


To verify property (c), we use the Residue Theorem to obtain 


a? ic 
a,c = 1—-—+-—]d 
[aoe I 2 £) z 


= 2ri(—ic) = 2rc. 
Hence Cp = 2rc and Fr = 0, by Theorem 1.2. E 


The vortex term —ic Log z, which gives rise to the non-zero circulation 27¢ 
around I, affects the positions of the stagnation points of the flow, as we 
now ask you to verify. For the case c = 0, these points were found in 
Exercise 4.1. 


Exercise 4.2 


Find the stagnation points of the flow with velocity function 


2. . 
a ic 
qa,c(z) =1-—3-— (ze C— {0}), 
z z 
where a > 0 and c € R. Describe the locations of these stagnation points 
when 


(a) —2a < c < 0, (b) c= —2a, (c) c< —2a. 


Theorem 4.1 allows us to think of qa,c as the velocity function obtained by 
placing the ‘obstacle’ Ka into a uniform stream (with q(z) = 1) and 
requiring that there is no flow of fluid across any part of Ka, and that the 
circulation of the flow around Ka is 27. 


Each streamline for this flow satisfies an equation of the form 
Im Qa e(z) = Im(z + a?/z) + Im(—icLog z) 
2 
a 
=A i = 2, ,2y)1/2 
(i-ai) ete 40 


= constant. 


Unfortunately it is not possible to solve these equations (for y in terms 

of x, or vice versa) when c # 0. The streamline diagrams are shown in 
Figure 4.3 for various values of c < 0. The directions of the arrows can be 
obtained from the formula for gq,¢(z); a quick method for doing this is to 
start with qa-(z) © 1 when |z| is large, and then use the continuity of qa, 
to determine the directions when z is nearer to Kg. 


A 


—_—__ | aa 


= e 
P 


(c) 
Figure 4.3 A closed disc K, in a uniform stream with negative 
circulation 27c when (a) c = 0, (b) —2a < c < 0, (c) c = —2a, (d) c < —2a 


Since circulation is calculated using anticlockwise contours, the negative 
values of c in Figure 4.3 give rise to positive fluid flow clockwise around 
any simple-closed contour that surrounds Ka. 


The shapes of the streamlines in Figure 4.3 are closely related to the 
locations of the stagnation points, shown by solid dots, in each case. For 
c = 0 (Figure 4.3(a)), the two stagnation points are symmetrically placed 
on the real axis at z = +a, by Exercise 4.1. As c decreases from 0 to —2a, 
the two stagnation points 


A 5 (ic + \/4a? — c?), 


obtained in Exercise 4.2, move around the circle {z : |z| = a}, remaining 
symmetric with respect to the imaginary axis (Figure 4.3(b)), until 

c = —2a, when they coalesce to form a single stagnation point at z = —ia 
(Figure 4.3(c)). For c < —2a, the single stagnation point moves off the 
circle down the imaginary axis (Figure 4.3(d)) at 


z = gi(c— Vc? — 4a?). 
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In this case, the other solution of the equation qq,-(z) = 0 lies inside the 
open disc {z : |z| < a}, as shown in the solution to Exercise 4.2(c). 


A similar analysis can be carried out for positive values of c, resulting in 
streamline diagrams that are reflections in the real axis of the diagrams in 
Figure 4.3. 


4.2 Obstacle Problem 


We now discuss the problem of determining the flow past a more general 
obstacle in a uniform stream. To begin with, we make precise what we 
mean by an obstacle: this should be thought of as the two-dimensional 
cross-section of an object that extends indefinitely far perpendicular to the 
complex plane. Recall that the words connected and compact were defined 
in Subsections 4.3 and 5.1 of Unit A3, respectively. 


Definition 
An obstacle is a compact, connected set K in C, which is not a single 
point, such that C — K is also connected. 


Note that the set C — K is an unbounded region that surrounds K. 


According to this definition, any closed disc is an obstacle, in particular 
K, ={2?|2| <a} 


is an obstacle, as is any ellipse with its inside filled in. Also, any closed line 
segment 


L(a, 8), where a # B, 


is an obstacle. 


The Obstacle Problem is to find, for a given obstacle K and a given c € R, 
a velocity function for an ideal flow which, roughly speaking, satisfies 
properties (a), (b) and (c) of Theorem 4.1. Properties (a) and (c) are easy 
to state for a general obstacle, but property (b) is more tricky. We want 
OK, the boundary of K, to look, as far as possible, as if it is made up of 
streamlines, but it is difficult to express this in terms of the velocity 
function q, because q can behave badly near some points, such as corners 
of OK. 


Instead we express this streamline condition in terms of a stream function, 
which is the imaginary part of a complex potential function Q for q. As 
with the complex potential function Qa, used in Theorem 4.1, we cannot 
expect that Q will be analytic on the whole of C — K, but we try to make 
its region of analyticity as large as possible, so that we can give meaning to 
the streamline condition 


ImQ(z) = constant, for z € OK, 


even though the whole of 0K may not lie in the domain of Q. 


To make this idea precise in our statement of the Obstacle Problem, we 
use a simple path joining K to oo to play the role of a generalised cut, 
similar to the way we defined a cut plane in Subsection 5.1 of Unit C1. 
Recall from Subsection 1.1 of Unit B2 that a path is called simple if it does 
not intersect itself. 


Obstacle Problem 


Given an obstacle K and a real number c, we seek a velocity 
function q for an ideal flow with flow region R = C — K satisfying the 
following properties. 


(a) ma g (2) 1. 
Z—>00 
(b) There is a complex potential function Q for q on either R or 


R — X, where X is a simple smooth path in R joining a point 
of K to oo, and a real constant k such that 


lim ImQ(z) =k, for each a € OK. 
Za 
(c) For any simple-closed contour I surrounding K, 


Gp = Ane 


The quantity 27c in property (c) is called the circulation around the 
obstacle K. 


Remarks 


1. Property (b) is illustrated in Figure 4.4 for the case where there is a 
complex potential Q for q on R — ©. 


R= X 


a. 
er 


Figure 4.4 A smooth path © joining a point on the boundary of K to co 


Recall that lim Im Q(z) = k means that a is a limit point of R — X, and 
Za 

for each sequence (zn) in R — X such that zn > a, we have 

Im Q(z,,) + k. Property (b) could be expressed equivalently by saying 

that the function Im Q has a continuous extension from R — X to 

(R —X)UOK with 


ImQ(z) =k, for z€ OK. 
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2. Theorem 4.1 shows that the function 


wnc(2)=1-5-© peci 


solves the Obstacle Problem for K = Ka = {z: |z| < a} with 
circulation 27c around K. The simple smooth path © in property (b) is 
the part of the negative real axis which lies in C — Ka (see Figure 4.5), 
and the constant k is —cloga, as in the proof of Theorem 4.1. 


Figure 4.5 The path © for a circular obstacle 


Note that if c = 0, then the simple smooth path © is not needed since 
the complex potential function Q(z) = z + a?/z is analytic on C — {0} 
and hence on C — Ka. 


3. We will refer to flow velocities on OK when it makes sense to do so. 
This will be the case when q has a continuous extension from C — K 
to OK (as qa, does when K = Ka). Also, when this notion is 
ambiguous (for example, when the obstacle is a line segment with 
different limiting velocities as it is approached from either side) we may 
refer to velocities ‘on either side of the obstacle’, as we do in Remark 2 
after Example 4.1 in Subsection 4.3. 


4. Property (c) does not include the requirement that Fr = 0. In fact, it is 
a consequence of property (b) that Fp = 0, so such a requirement is 
automatically satisfied. 


In the next exercise we ask you to verify that the velocity function 
q(z) = 1 solves the Obstacle Problem in a simple case with zero circulation 
(so the simple smooth path © is not needed). 


Exercise 4.3 
Show that the velocity function 
q(z)=1 (zE€C-K) 


solves the Obstacle Problem for any closed line segment K parallel to the 
real axis with zero circulation around K. 


4.3 Flow Mapping Theorem 


Exercise 4.3 shows that the Obstacle Problem has a simple solution for an 
obstacle K consisting of a line segment parallel to the real axis when the 
circulation around K is 0. However, if the line segment is not parallel to 
the real axis, or if the circulation is not 0, then the Obstacle Problem is 
harder to solve. 


To solve the Obstacle Problem for other obstacles and given circulations, 
we will use a technique based on conformal mappings. The idea is that 

if K is a given obstacle and f is a suitable conformal mapping from C — K 
onto C — Ka, where Ka = {z : |z| < a}, then it is possible to use our 
solution qa,- of the Obstacle Problem for Ka, found in Theorem 4.1, to 
solve the Obstacle Problem for the obstacle K. The details are given in the 
following result, the proof of which appears at the end of this section. 


Theorem 4.2 Flow Mapping Theorem 


Let K be an obstacle, and let f be a one-to-one conformal mapping 
from C — K onto C — Ka, where a > 0, such that the Laurent series 
about 0 for f on {z : |z| > R} has the form 


NS 2 hey es for |z| >A, 


where R > 0 and ao,a_1,a_2,... E C. Then the velocity function 


WE) = da c(f(z)) f(z) (2€C—K) 
is the unique solution to the Obstacle Problem for K with 
circulation 27¢ around K, and a corresponding complex potential 
function is 


Q(z) = Qa c(F(z)). 


Theorem 4.2 is illustrated in Figure 4.6, which also indicates that the 
conformal mapping f maps streamlines around K to streamlines 
around Ka. This is the case because Q = Qa, 0 f and so, for any real 
constant k and any z E€ C- K, 


ImQ(z) =k 4 nase =m 


Similarly, the conformal mapping f~! maps streamlines around K, to 
streamlines around K. 


C K J= C_K, 


Figure 4.6 Streamlines around K are mapped to streamlines around Ką 
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Theorem 4.2 reduces the Obstacle Problem for K to the problem of finding 
a one-to-one conformal mapping from C — K onto C — Ka, for some a > 0. 
In general, it is a hard problem to find such mappings but there are some 
useful cases that can be solved using an explicit conformal mapping. 
Exercise 4.4 gives a straightforward example using the fact that any 
translation is a conformal mapping. 


Exercise 4.4 


Use the Flow Mapping Theorem to solve the Obstacle Problem for the 
closed disc 


K ={2:|2-6| <a}, 


where 6 € C and a > 0, with circulation 27c around K. 


To see more interesting solutions to the Obstacle Problem, we will use the 
inverse functions of the Joukowski functions introduced in Section 3. For 
example, in Theorem 3.1 you saw that the basic Joukowski function 


J(z)=2+Ż (z € C — {0}) 


gives a one-to-one conformal mapping from C — Kı onto C — K, where 
Kı = {z : |z| < 1} and K is the line segment L(—2,2) = [—2, 2], and that 
J(ƏKı) = [-2, 2]; see Figure 4.7. 


C-K: J C-K 
——S 
= 1 -2 2 
J! 
z-plane w-plane 


Figure 4.7 The geometric effect of the Joukowski function J 


By Theorem 3.1(c), the restriction of J to C — Ky has inverse function 


J (w) = 3(wtwV/1-4/w?) (weC— Ky). 


It follows that if we reverse the roles of z and w here, as in Figure 4.8, 
then we can use J~! as the function f in the Flow Mapping Theorem. We 
will then be able to use the Flow Mapping Theorem to solve the Obstacle 
Problem for the line segment K = [—2, 2] with non-zero circulation 
around K. 


C-K J! C— Kı 

ma 
K 
C, 
=9 2 =ll 1 
ba 
J 
z-plane w-plane 


Figure 4.8 The geometric effect of the inverse function J~! 


The resulting formula for the velocity function q, obtained from 

Theorem 4.2, will involve the derivative of J7}, which is rather 
complicated. However, there are several useful identities that can help 
simplify formulas involving inverse functions of Joukowski functions. These 
identities are given in Lemma 4.1, where they are stated for the general 
Joukowski function Ja, a Æ 0, introduced in Subsection 3.2, which we will 
use later in the section. 


From now on we will usually reverse the roles of the variables z and w 
when using Joukowski functions and their inverse functions. 


Lemma 4.1 
Let Jalw) = w + a?/w, where a #0, and let JZ! be the inverse 
function of the restriction of Ja to C — Kja}. Then, for 

z E€ C — L(—2a, 2a), 

C aa E 

b i e =e e = ey E re 

1 J e) 

o (ir Ye) =r = — 
O 1—a2/(Ja'(z))2 2/1 — 402/22 


Proof Let w = J,'(z). Part (a) holds because 
z = Jalw) = w +a? /w = J3 (z) +07/J51(z). 
Part (b) follows from part (a) together with the formula 
E Carr 
given in Theorem 3.3(c). 
For part (c), since Ja(w) = w + a?/w, we have 
J) (w) =1—07 /w’. 
Thus, by the Inverse Function Rule (Theorem 3.2 of Unit A4), we obtain 


1 1 1 
oae ee a e a 
Ua YO) = Fay o ~ 1 Ia? 
Hence, by part (b), we have 


Ja (2) eee) 


(Jay (2) = Ta SSS: 
Ja (z)—a&?/Ja (z) 24/1 — 402 /2? a 
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Now we are able to solve the Obstacle Problem for the line segment 
K = |-2,2] with non-zero circulation around K. 


Example 4.1 


Use the function J~! to show that the solution to the Obstacle 
Problem for K = [—2,2] with circulation 27c around K is 


te) =1- (os (zE€C-—K). 


Solution 
As pointed out above, 
f(z) =I (z) = (zt 2/1 - 4/2?) 


is a one-to-one conformal mapping from C — K onto C — ky, so we try 
to apply the Flow Mapping Theorem with a = 1. 


To verify the Laurent series condition, we need to express J~! as a 
Laurent series about 0, valid on the exterior of some closed disc. To 
do this, we use the binomial series (Theorem 3.3 of Unit B3) 


(1— 4/22)? =14 ;(-3) + SS) foe 


2! 
2 2 
Ie r for |z| > 2, 
to give 
2 2 
Jal = — il — Sap? Sb ae 
(2) (-+2( 2o g )) 
1 1 
=z-=- 5-2, for le > 2 
ee 


Thus J~! is of the form given in the Laurent series condition. 


It follows, by the Flow Mapping Theorem with a = 1, that the 
velocity function 


q(2) = ge(I~*(2)) (I-12) 


1 aC aT 
-(- GagE- Fig) HF 


solves the Obstacle Problem for K with circulation 27c around K. 


We can simplify this formula by using the identities in Lemma 4.1 
with a = 1. First we use Lemma 4.1(c) to give 


Remarks 

1. Notice that if c = 0 in Example 4.1, then we obtain the solution 
q(z) = 1 found in Exercise 4.3, as expected. 

2. We can use the solution to Example 4.1 to compute the velocities on 
either side of the obstacle K = [—2,2] by putting z = x + iy in the 
expression for q(z) and letting y tend to 0 through positive values 
(written y > 0+) and through negative values (written y —> 07). 

For example, put x = 0, so z = iy. Then 
ily|,/1 —4/(—y2), y>0, 
TE lvl [Pe y 
—ilyl/1—4/(-y?), y <0, 
iv/y2+4, y>0, 
ivy? +4, y <9, 
2i asy 0, 
—2i asyO. 
Thus, with z = iy again, 
ic 1— łc asy— 0t 
iy) = 1- | —— | > 2 i 4.2 
ay) (7) te as y > 07. oa) 
These values show that if, for example, the circulation is negative 
(c < 0), then the flow speed above the obstacle is greater than the flow 
speed below it. 
3. An alternative method to obtain the velocity function in Example 4.1 is 


to first determine the complex potential function Q = Qa, © f (given by 
the Flow Mapping Theorem), then differentiate Q and take its conjugate 
to give q =’. We ask you to use this approach in the next exercise. 
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Exercise 4.5 


Show that the solution of the Obstacle Problem for K = [—2, 2] with 
circulation 27c¢ around K is 


te) =1- (Bos) (zEC-hk), 


by first finding a complex potential function Q for this flow. 


(Hint: The fact that 01,-(w) = J(w) — ic Log w will help, as will 
Lemma 4.1(c).) 


The complex potential function Q found in Exercise 4.5 should, in 
principle, enable us to plot the streamlines for the corresponding flow past 
K = |-2,2], since the streamlines are determined by equations of the form 


Im Q(z) = constant. 


However, if c #0, then this equation is complicated, and the streamlines 
can be plotted accurately only with a computer. You can get a rough idea 
of the shape of the streamlines around a given obstacle K by using the 
conformal mapping f from the Flow Mapping Theorem to transfer the 
streamline diagram from Figure 4.3 across from C — Ka to C — K, paying 
attention to the location of the stagnation points. See Figure 4.9, for 
example. 


=2 2 
Figure 4.9 Streamlines near K = [—2, 2] for a uniform flow with negative 


circulation around K, showing the stagnation points on K 


To deal with somewhat more complicated obstacles, we will employ the 
more general family of Joukowski functions 


a2 
Jaz) = 24 E (z € C— {0}), 
where a > 0, introduced in Subsection 3.2. 


The results of Theorem 3.2 show that if we reverse the roles of z and w, 
then we can use J,! as the function f in the Flow Mapping Theorem and 
therefore solve the Obstacle Problem for the obstacle K = [—2a, 2a], 
where a > 0. The following exercise generalises Example 4.1, and the 
solution is similar. 


Exercise 4.6 


Use the function J7 +, and the identities in Lemma 4.1 with a = a, 
where a > 0, to show that the solution to the Obstacle Problem for 
K = [-2a, 2a] with circulation 27c around K is 


de) =1- (ators) (z€C—K). 


The functions J, can also be used to solve the Obstacle Problem for flow 
past various other obstacles. In Exercise 3.2(a) we saw that if r > a, 
then J, maps the circle C, = {z : |z| = r} onto the ellipse in the w-plane 
shown in Figure 4.10. 

A Je A 


ilr — a?/r) 


r+a?/r 


Ge Ja (Cr ) 


— 
=i 
Ja 


z-plane w-plane 


Figure 4.10 A Joukowski function mapping a circle onto an ellipse 


In the next exercise you are asked to use this result to solve the Obstacle 
Problem for flow past this ellipse. Once again the roles of z and w have to 
be reversed from those in Figure 4.10. 


Exercise 4.7 


Let K be the obstacle that comprises the ellipse shown on the right-hand 
side of Figure 4.10 with its inside filled in. Use the Flow Mapping Theorem 
to show that the solution to the Obstacle Problem for K with 

circulation 27c around K is 


2_ a2 + icJ7t 
2 —— (2€C-K). 
(Ja (2)? — a? 
(Hint: The solution is similar to the solution to Exercise 4.6, especially 
checking the Laurent series condition, but the algebra in calculating the 
formula for q(z) is slightly more complicated.) 


q(z) = 


In Exercise 4.7 you were asked to find the velocity function q(z) expressed 
in terms of J}! (z) rather than in terms of z since substituting the formula 
for J, ‘(z) leads to a complicated formula for the velocity function here. 
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4.4 Proof of the Flow Mapping Theorem 


We end this section with a proof of the Flow Mapping Theorem. This 
proof may be omitted on a first reading. 


Theorem 4.2 Flow Mapping Theorem 


Let K be an obstacle, and let f be a one-to-one conformal mapping 
from C — K onto C — Kg, where a > 0, such that the Laurent series 
about 0 for f on {z : |z| > R} has the form 


Oa ee ere ford kt 


where R > 0 and ao, a_1,a_2,... E€ C. Then the velocity function 


alz) = daclf(z)) f(z) (2€C—K) 


is the unique solution to the Obstacle Problem for K with 
circulation 27c around K, and a corresponding complex potential 
function is 


Q(z) = Qael F(z). 


Proof We must show that properties (a), (b) and (c) of the Obstacle 
Problem are satisfied. First we observe that 


q(2) = qac F(z) F(z) 


a? ic ) 
= (1-72 -  ) re) 
( (FC)? F(z) 
is a velocity function for an ideal flow on R = C — K, since it is the 


conjugate of an analytic function there. 


Now, using the Laurent series for f, it can be shown that 


=0 and lim f'(z)=1. 
Zoo 
It follows that 
a? ic 
lim q(z) = lim (1-75) re =l 
AT) = U Gap a O 
which verifies property (a) of the Obstacle Problem. 


To verify property (b) of the Obstacle Problem, we use the fact that f is 
one-to-one and analytic on R so, by the Inverse Function Rule 

(Theorem 3.3 of Unit C2), f has an inverse function f~! which is analytic 
on C — Ka. Since Qa,c is analytic on the cut plane C,, it follows that the 
composite function Qa,c © f is analytic on the region 


g (Cx = Ka) =R- F Ea 


where Xa = {u € R : u < —a} is the part of the negative real axis that lies 
in C — K, (see Figure 4.11). 


A A 
X= P Ea) f 
Do 
ee a 
R=C=-K f Cae 


Figure 4.11 Finding a simple smooth path joining K to co 


Since Xa is a simple smooth path joining Ka to oo, and f~! is one-to-one 
and conformal, it follows that © = f~'(S,) is a simple smooth path 
joining K to oo. Moreover, 2 = Qa,c © f is a complex potential function 
for q on R — £, because, by the Chain Rule, 


O(z) = MF) FE) 


a? ic , 
-( -gor 70) "® 
=q(z), forzEeR—-X. 


To complete the verification of property (b), we need to show that there is 
a constant k such that 


lim ImQ(z) =k, for each a € OK. (4.3) 


To do this, first note that if a € OK, then a is a limit point of R — X; 
indeed, each open disc with centre œ must contain a point of R — ©, so we 
can construct a sequence (zn) in R — X such that zn > a. 


Now suppose that (zn) lies in R — X, and zn + a. Then the sequence 
(Wn) = (f(Zn)) lies in Cr — Ka, and we claim that |w,| —> a. Indeed, if 

e > 0 is given and T; = {w : |w| = a + €}, then f-1(L.) is a simple-closed 
contour in R which surrounds but does not meet K (see Figure 4.12). 
Moreover, fT! maps the outside of T, onto the outside of f~'([-). These 
plausible assertions can be verified by using the fact that f is a one-to-one 
conformal mapping of the form given by the Laurent series condition; we 
omit the details. 


wi 
D ono f a 
da 
fe) 
<- le 
C-K f~ Cake 


Figure 4.12 Finding the value of Im Q(z) on 0K 
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It follows that the terms of (zn) must eventually lie inside f~!(['-), and 
hence that the terms of (wn) must eventually lie between T, and Ka. 
Hence |wn| > a as n > oo. 


Therefore, if Wn = Un + ivy, for n = 1,2,..., then we can use the formula 


a2 
Qa c(z) = z + — — icLog z 
z 


from Theorem 4.1 to see that 


Im Q(zn) = Im Qael f Ga) 
= Im Qa.(wn) 


a 
= un(1 = 1) — clog |wn| 
[wn] 
— —cloga as n => œ. 
Thus condition (4.3) holds with k = —cloga. 


Finally, we check property (c). If T is any simple-closed contour 
surrounding K, then f(T) is a simple-closed contour surrounding Ka and so 


Cr+iFp = | G(z) dz 
Tr 


= | TFF O dz 
= f Jac(w)dw = 2rc (by Theorem 4.1(c)). 
f(T) 


The validity of the substitution used here, w = f(z), dw = f’(z) dz, can be 
justified as in the proof of the Argument Principle (Theorem 2.3 of 
Unit C2). 


Hence Cp = 27, as required (and also Fp = 0). E 


Remark 


We have omitted the proof of the uniqueness of the solution q, which 
involves a slightly complicated application of the Maximum Principle 
(Theorem 4.2 of Unit C2). 


Further exercises 


Exercise 4.8 


By considering the stream function of the flow with complex potential 


a2 
Q(z) =z + — (z€C-— Ka), 


where K, = {2 : |z| < a}, find the equation of the streamline which passes 
through the point 2ia. Hence describe the behaviour of this streamline far 
from the disc Ka. 
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5 Flow past an aerofoil 


After working through this section, you should be able to: 


e explain what is meant by a Joukowski aerofoil, its trailing edge and its 
angle of attack 


e solve the Obstacle Problem for flows around an aerofoil, with or without 
circulation, by applying the Flow Mapping Theorem. 


5.1 Aerofoils 


In Subsection 3.2 we saw that if a,b > 0, then the Joukowski function Ja is 
a one-to-one mapping of the circle C = {w : |w + b| =a + b} onto an 
aerofoil shaped curve with a cusp at z = 2a. The obstacle with 

boundary Ja(c) is an example of a Joukowski aerofoil (see Figure 5.1). 


A A 
Ja 
trailing C 
Ja(C) edge 
> oe > 
—r—a?/r 2a -r ar 
Joukowski 
aerofoil 
Jo” 
z-plane w-plane 


Figure 5.1 Jņ! maps an aerofoil-shaped curve onto a circle 


Observe that J, has critical points a and —a, since J! (w) = 0 if and only if 
w = +a, and C passes through the point a and surrounds the point —a. 


Definitions 


A Joukowski aerofoil is an obstacle that has boundary J,(C), 
for a > 0 (possibly after an appropriate translation or rotation), 
where C is a circle that passes through one of the critical points 
w =a of Ja and surrounds the other critical point w = —a. 


The point z = 2a is called the trailing edge of the aerofoil. 


Remarks 


1. The boundary J,(C) of an aerofoil is smooth except at the trailing edge 
z = 2a, where there is a cusp. 


2. In order for a Joukowski aerofoil to be symmetric under reflection in the 
central axis through the trailing edge, the centre of the circle C must lie 
on the (negative) real axis, as in Figure 5.1. 
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ss 
uniform 
stream 2a 


Figure 5.2 An aerofoil 
inclined at an angle to a 
uniform stream 
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The next exercise leads you in stages through the process of using the 
conformal mapping J, + to find the velocity function for the flow past the 
aerofoil in Figure 5.1, and then use the formula for this velocity function to 
suggest that in real fluid flow past this aerofoil the circulation would have 
to be 0. 


Exercise 5.1 


Suppose that C is the circle {w : |w + b| = a + b}, where a,b > 0, and 
that K is the Joukowski aerofoil for which 0K = J,(C). 


(a) Write down a conformal mapping from C — K onto C — Ka+. 


(b) Deduce from part (a) that the solution to the Obstacle Problem for K 
with circulation 27c around K corresponds to the complex potential 
function 

(a+b)? 


Q(z) =w+ot+ 
w+b 


— icLog(w + b), 


where w = J; 1(z). 


(c) Show that the velocity function q for this flow is 


w? (a+b)? ic 
( TETE =) PAm 


q(2) = aa 


where w = Jz 1(z). 
(d) Show that jim q(2) (the limiting velocity at the trailing edge) exists 
if and only if c = 0. 
(Hint: The identity 
(a+b)?  (w+b)?- (a+b)? | (wtat2b)(w—a) 
(w +b)? (w + b)? (w + b)? 
helps solve this last part.) 


5.2 Rotated obstacles 


Apart from one case involving translation (Exercise 4.4), we have so far 
considered examples of obstacles that are symmetric under reflection in the 
real axis. While an aeroplane is in flight, the wing cross-section is at a 
slight angle to the oncoming airstream. We can model this situation by 
placing a symmetric Joukowski aerofoil at an angle ¢ to a uniform stream, 
and attempting to find a complex potential for this version of the Obstacle 
Problem (see Figure 5.2). In these circumstances, ¢ is known as the 
aerofoil’s angle of attack. 


5 Flow past an aerofoil 


In order to make progress in dealing with obstacles that have been rotated 
in this way, we use the general Joukowski functions 


a2 


Ja (w) =w + ~~) 
w 
where a € C — {0}, which were introduced in Subsection 3.2. The main 
properties of these functions were given in Theorem 3.3. 
We recall also from Subsection 3.2 (see equation (3.1)) that if Ry denotes 
the rotation about 0 through the angle ¢ = —Arga, then 
Jog eg Cig eRe 


This decomposition of Ja is illustrated in Figure 5.3, which shows that Ja 
maps C — Kja; onto the region that is the complement of the closed line 
segment L(—2a, 2a) joining —2a and 2a, and it maps the circle Cj, to 
L(—2a, 2a) itself. 


Rg 
Cla — Cial 


=lal la| 


Figure 5.3 Decomposition of a Joukowski function Ja 


It follows that the inverse function JZ! is a conformal mapping from 
C — L(—2a, 2a) onto C — Kaj: This fact enables us to solve the Obstacle 
Problem for such a line segment in the following example. 
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Example 5.1 


(a) 


(b) 


(c) 


Find a complex potential that provides a solution to the Obstacle 
Problem when the obstacle K is the line segment L(—2a, 2a) and 
the circulation around K is 27c. 


Verify, from your answer to part (a) with c = 0, that the 
circulation-free complex potential for œ = a (where a is real) is 
Q(z) = z, as expected. 


Determine the velocity function q which solves the Obstacle 
Problem for K = L(—ia,ia) with zero circulation. (Here K can 
be regarded as a thin plate of width 2a placed at right angles to 
a uniform flow.) 


Solution 


(a) 


(c) 


As noted above, J, is a one-to-one conformal mapping from 
C — L(—2a, 2a) onto C — Kaj: Also, as in the solution to 
Exercise 4.6, with œ in place of a, we have 


Ja (2) = (z + 2/1 — 402/22) 


=z- —-— aaa o le > Hah 
so the function f = Jz satisfies the Laurent series condition of 
the Flow Mapping Theorem. 


By the Flow Mapping Theorem, a suitable complex potential for 
the flow past K, with circulation 27c around K, is 


U2) = Qale © Ja )(2) 


fs ee. = 
= J; 1(z) d O — icLog(J} 1(z)) 
lear ae, =i 
= z + ———— — ic Lag, (2)), 
Ta -ic Log(Ja™(e)) 
az 
since Jy (z2) + —;— = 2, by Lemma 4.1(a). 
Ja (2) 
With c = 0 we have 
la|? Z) az 
Q(z) =z + ) 
aC 


so if a =a, where a is real, then the complex potential is 
Q(z) = z, 
as in the solution to Exercise 4.3. 


iie=0 and @ = sia, then, by part (a), we have 


a? — o? 
Meg) = 274 E  en 
G 
bn 


$2(1+ y1 ++a?/22) 
a a*(1 — ,/1 EAA) 
2(l+/1+4 a?/z7)(1 — y1 +a?/22) 
=) 2 eee ee ee 
It follows that 
1 il “2a 
hi = TA > 
Q(z) = y1 +a?/z TEX; Tae a 3 ) 


II 
j 
-H 
Qa 

N 
= 
Xx 

N 

l 

S 

pm 


=i 1 az 


Hence the required velocity function is 


q(z) = V2) = 1/V1 + a? /2?. 


In part (c) the velocity function q could have been obtained directly from 


the formula q(z) = qja),c(Ja'(z)) (Ja Te as we did in the solution to 
Example 4.1. Also, note that the velocity function q in this example is 
unbounded near +ia, the endpoints of the line segment. 


By now you should have started to become familiar with the strategy for 
solving the Obstacle Problem using the Flow Mapping Theorem. The key 
step is to find a conformal mapping f from the region outside the given 
obstacle K onto a region that is the outside of some closed disc 

Ka = {z : |z| < a}, a > 0, with the property that 


F(z) =z tag t+ Epe for |z| > R, 


where R > 0. You can then apply the Flow Mapping Theorem to find a 
complex potential Q and corresponding complex velocity q, given by 


Q(z) = Qacl(F(z)) = Fz) + aoa ee f(z) 


and 
——: a? ic 
q(z) = qal f(2)) F (2) = (1 = G == Nro (z E C— K), 


which describe the flow past the given obstacle in a uniform stream with 
circulation 2rc. 
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In general, there is no simple procedure for finding such a conformal 
mapping. In the examples you have seen so far, the conformal mapping f 
was usually an inverse Joukowski function, but explicit mappings can be 
found for a variety of other obstacles by using combinations and 
compositions of the following types of mappings: 

e translations, that is, mappings of the form z — z+ 6, where 6 40 


e complex scalings, that is, mappings of the form z — Az, with A Æ 0, 
and in particular rotations, when |A| = 1 


e Joukowski functions Ja, where a 4 0 
e inverse Joukowski functions J,', where a Æ 0. 


The next two exercises ask you to use combinations or compositions of two 
such conformal mappings to solve the Obstacle Problem for more 
complicated obstacles. 


Exercise 5.2 


The Joukowski aerofoil K shown in the figure below is obtained by 
rotating the aerofoil in Exercise 5.1 (and Figure 5.1) clockwise about the 
origin through an angle ¢, where 0 < ¢ < 7/2. We then have 


OK = (Rj! o Ja)(C), 
where C is the circle {w : |w + b| = a + b}. 


(a) With a = ae™Ż®, use the equation Ja = R o Jiaj © Ry to show that 
the aerofoil boundary OK is the image under Ja of the circle 


R3 (C) = {w : |w + be?| = a +b}, 


@ 
as shown in the figure. 
A A A 
oK <——~. 
2a CESES 
Ja 


Hence write down a conformal mapping from C — K onto C — Kay». 


(b) Show that a complex potential for the solution to the Obstacle 
Problem for K with circulation 27c is 
(a+b)? 


w 4 be? — ic Log(w + be”), 


Q(z) = w + be? + 
where w = Jz! (z2). 


(c) Determine the corresponding velocity function q, in terms of 
w = Jz! (2). 


Exercise 5.3 


Let Ka denote the closed disc {z : |z| < a}. Consider the obstacle 
K = [-2,-1]U Kı v [1,2], 


consisting of a closed disc of radius 1 with two line segments attached, 
illustrated in Figure 5.4. 


In Exercise 3.4 you saw that the Joukowski function J is a one-to-one 


` 55 
conformal mapping from C — K onto C — [—3, 3]. 
(a) Find a value of a for which the function 


a2 


Ja(w) SUT 


is a one-to-one conformal mapping from C — Ka onto C — [-3, 3]. 


(b) Show that the Obstacle Problem for K with circulation 27c around K 
has solution 


zj) = e a Jz zEeC- K), 
ae (: Soe) E a 


where J is the basic Joukowski function. 


(Hint: You can assume that the function f = J} ' o J satisfies the 
Laurent series condition of the Flow Mapping Theorem. Also, find the 
velocity function from the complex potential function by using the 
fact that Qa, = Ja — ic Log and the approach of Exercise 4.5.) 


Further exercises 


Exercise 5.4 


Suppose that O0 <a < r. Let K be the obstacle shown in Figure 5.5 whose 
boundary is the ellipse 
2 2 
, 2 y 
OK = : — r + — = 1. 
(e+: art rara?) 
Use the solution to Exercise 3.3 to show that the Obstacle Problem for K 
with circulation 27c around K has solution 


r2 +a? + icJZ!(z 
a(e)=1- (OE) (zEC—k), 


ia 


by first finding a suitable complex potential function for this flow. 
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A 


Figure 5.4 The obstacle K 


lilr + a?/r) 


r—a?/r 


Figure 5.5 An ellipse with its 
major axis on the imaginary 
axis 


67 


Unit D1 Fluid flows 


68 


Exercise 5.5 


The asymmetric (or cambered) Joukowski aerofoil K, shown on the left of 
the figure below, has boundary 0K = J(0D), where 


D={w:|w- 6| < |1- 8l} 


and ĝ is a complex number with Re 8 < 0. Here J is the basic Joukowski 
function, and you can assume that J maps C — D conformally onto C — K. 


A A 
J 
aD 
aK 
5 > I > 
Jo 


Show that the Obstacle Problem for K with circulation 27c around K has 
solution 
2 
w 
q(z) = (G-H -e (zEC-—K), 
where w = J71 (z). 
(The condition Re 6 < 0 ensures that the critical point w = —1 of J lies 
inside OD, and its image z = J(—1) = —2 lies inside 0K. 
Note that if Re 8 = 0 and Im > 0, then the circle 0D passes through 
both of the critical points w = +1 of J. As shown in Exercise 3.5, the 
image J(OD) is a circular arc in the upper half-plane from z = 2 to z = —2 


and back. The case Re 8 = 0 and Im £ > 0 is shown by blue curves on the 
diagram.) 


5 Flow past an aerofoil 


Why can aeroplanes fly? 


Early in the twentieth century, Zhukovsky and the German 
mathematicians Martin Wilhelm Kutta (1867-1944) and Paul Richard 
Heinrich Blasius (1883-1970) each independently calculated the force 
on an obstacle K in a uniform stream in order to try to explain the 
upward force experienced by the wing of an aeroplane in flight. Here 
we describe this work in outline and briefly discuss the usefulness of 
the model of fluid flow given in this unit. 


In an ideal fluid of constant density p, the pressure p(z) and the 
velocity q(z) within the flow region are related by Bernoulli’s 
equation, 

p(z) = po — splq(z)|", where po is a constant. 


So fluid velocity of higher magnitude corresponds to lower pressure. 


As an example, consider the case of a closed disc Ka, a > 0, ina 
uniform stream with circulation 27c, where the velocity is 


Substituting this formula for q(z) into Bernoulli’s equation and 
evaluating the pressure at a point z = ae”, t € (—7,7], gives 


plae”) = po — 4p(2sint — c/a)”. 


Thus for negative circulation the pressure is greater on the lower half 
of 0Kq, where sint < 0, than it is on the upper half, where sint > 0. 
This difference leads to an upward force on Ka. 


The force F on a general obstacle K with smooth boundary 0K due 
to pressure on the boundary can be calculated using the formula 


L 
E | p(o(s))1'(s) ds, 


where 7(s) (0 < s < L) is a unit-speed parametrisation of OK. For an 
obstacle K in a uniform stream with circulation 27c, this formula 
gives, after some calculation and an application of the Flow Mapping 
Theorem, 


f= sip | (q(z))? dz = —2r pci. 
OK 


This integral formula for F is Blasius’ Theorem, and the formula 

F = —2rpci is the Kutta-Joukowski Theorem, which states that the 
force on such an obstacle K in a uniform stream acts in the vertical 
direction, and its magnitude depends only on the circulation 27c. 
This result suggests that aerofoils should be designed to give negative 
circulation. 
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One physically plausible requirement for the flow around an aerofoil is 
that the velocity function q is bounded in the flow region, and q(z) 
tends to a limit as z tends to the trailing edge of the aerofoil; this is 
the Kutta—Joukowski Hypothesis. At the end of the solution to 
Exercise 5.2 it was pointed out that this hypothesis holds for a 
symmetric aerofoil with angle of attack ¢ if and only if 

c = —2(a + b)sin¢, in which case the circulation is indeed negative. 


As you may imagine, the model of fluid flow described in this unit is 
rather simple, and the assumptions made in Section 1 do not hold 
exactly for any real fluid. For example, all fluids have some viscosity, 
essentially a ‘stickiness’ due to molecular interactions, which causes 
flows near solid boundaries to fail to satisfy the locally circulation-free 
condition. Also, there are some clear inconsistencies in the model’s 
conclusions. 


Nevertheless, the model does give reasonably accurate predictions in 
some circumstances, for example when the angle of attack of an 
aerofoil is quite small and certain parts of the flow are considered. 
The photograph in Figure 5.6 indicates that the actual flow around a 
slightly inclined aerofoil closely resembles the model of the flow 
obtained using a Joukowski function, at least away from the upper 
edge of the aerofoil, where the flow appears to separate from the 
aerofoil. 


Figure 5.6 Boundary-layer separation on an inclined aerofoil 


Finally, there are methods for improving the results obtained with the 
basic fluid flow model in this unit. For example, the Joukowski 
function can be replaced by a similar but more complicated conformal 
mapping called the Kaérmdn-Trefftz transformation, which gives rise 
to a more realistic aerofoil whose trailing edge has a small positive 
acute angle, as in Figure 5.6, rather than a cusp. 


Solutions to exercises 


Solution to Exercise 1.1 


(a) For q(z) = z, all of the arrows for z 4 0 have 
direction Arg z, so they point radially outwards. 
At the origin, q(z) = 0, so there is a stagnation 
point there. 


(b) By using properties of arguments from 
Subsection 2.3 of Unit Al (for example, that an 
argument of zı minus an argument of z2 is an 
argument of z1/z2), we have that the direction of 
q(z) = i/Z, for z £0, is given by 
Arg(i/Z) = Argi — ArgZ + 2nr 
= Argi + Arg z+ 2nr 
= Argz+7/2+4 2nz, 


for some n € Z. 


We draw a hollow dot at the origin to show that 
this point is excluded from the flow region C — {0}. 


Solutions to exercises 


Solution to Exercise 1.2 


In each case the streamlines can be sketched from 
the corresponding arrow diagram in the solution to 
Exercise 1.1, as shown in the following figures. 


(a) The streamlines are rays from 0 with the flow 
outwards. 


(b) The streamlines are circles around 0 with the 
flow anticlockwise. 


A 


Solution to Exercise 1.3 


From equation (1.1), with q(z) = be-it/6 and 
0 = 27/3, we have 
q27/3(2) = Re(5e—#/6 24/3) 
= Re(5e’™/6¢?t7/3) 
= Re(5e”7/6) 
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Solution to Exercise 1.4 
From equation (1.1) we have 
go(z) = Re(q(z)e’*). 
With 0 — 7/2 in place of 0, this becomes 
q(—n/2)(2) = Re(q(z)e?-*/”?) 
= Re(q(z)ee~7/?) 
= Re(—ig(z)e’’). 
Now, if w = u + iv is any complex number, then 
Re(—iw) = Re(v — iu) = v =Imw. 
It follows that 
q(o—n/2) (2) = Im(q(z)e”’). 


Solution to Exercise 1.5 


(a) If G(z) = z is the conjugate velocity function, 
then the velocity function itself is q(z) = Z. To 
draw the arrow diagram for this velocity function 
note that Z has the same real part as z, but an 
imaginary part of opposite sign. This gives a 
sketch like that below, using arrows of fixed length 
(except at 0, which is a stagnation point of the 
flow). 


fe N 
we Ky | tS 
< > 

—cm[m 
< 2 
T | Za > 


(b) If g(z) = 1/z, then we have 
q(z)=1/zZ (z¢€C-— {0}). 
Now 
Arg q(z) = Arg(1/Z) = Arg z, 


so the direction of q(z) is radially outwards. 
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This leads to the same fixed-length arrow diagram 
as in the solution to Exercise 1.1(a), except that 
the origin should in this case be omitted because it 
is excluded from the domain of q. 

(c) If G(z) = i/z, then we have 


q(z) = —t/z (z €C- {0}). 
The diagram is like that of the solution to 
Exercise 1.1(b) but with all the arrows reversed. 


Solution to Exercise 1.6 

(a) The velocity function q(z) = z (z € C) has 
conjugate function G(z) = Z. This is not an analytic 
function (see Exercise 1.8 of Unit A4), so q is not a 
velocity function for an ideal flow, by Theorem 1.3. 
(b) For q(z) = i/z (z € C — {0}), the conjugate 
velocity function is G(z) = —i/z. This function is 
analytic on C — {0}, so q is the velocity function of 
an ideal flow, by Theorem 1.3. 


Solution to Exercise 1.7 
(a) The flux of g(z) = 1/Z across the unit circle T 
is, by Theorem 1.2, 
Fr = im f G(z) dz 
P 
1 


=Im / -dz 
T z 
= Im(277) 


= 20: 


(by Cauchy’s Integral Formula) 


(b) Similarly, the circulation of g(z) = —i/Z 
along T is 
Cr = Re | G(z) dz 
IN 
taz 
rZ 
= Re(i x 2ri) 


= —27. 


= Re 


(c) Since the conjugates of the velocity functions 
in parts (a) and (b) are both analytic, it follows 
from Theorem 1.3 that both flows are ideal flows. 
Therefore Cr = Fr = 0 for each simple-closed 
contour I in the domain R = C — {0} whose inside 
also lies in R. This does not contradict the 
answers to parts (a) and (b), because the inside of 
the unit circle I contains the origin, so it does not 
lie in C — {0}. 


Solution to Exercise 1.8 


(a) By the Cauchy—Riemann Theorem and the 
Cauchy—Riemann Converse Theorem 
(Subsection 2.1 of Unit A4), if the partial 
derivatives of the real functions u and v with 
respect to x and y exist, and are continuous on R, 
then u + iv is an analytic function on œR if and only 
if 
Ou ðv B 

da Oy day 
Now, the velocity function q = qı + iq2 has 
conjugate function q = qı — iq2, and q is a velocity 
function for an ideal flow on œR if and only if q is 
analytic on R (by Theorem 1.3). Putting these 
results together, with u = qı and v = —q2, we have 
that q is a velocity function for an ideal flow on R 
if and only if 


ðq Q% ðq2 q 
—+—=0 d —-—=0 R. 
Ox + Oy an Ox Oy g 
(b) The real and imaginary parts of 
i ig a) 
q(z) z z — |z|? z r2 “Te y2 , 
are, respectively, 
Za Te 
qı(x, y) = T2 Fy?’ q2(x, y) L2 + y2 
The partial derivatives of qı and q2 are 
On 2zy ðq yP —-2 
aa Ag Oy ar 
ð yx? ðq _ 2ry 
Oz Gta? Oy” Prr 
Hence we find, if z Æ 0, that 
Og. q2 | 0 ðq2 OM 
ðx Oy Ox Oy 


Therefore, by the result of part (a), 
q(z) = 1/2 (z € C — {0}) is a velocity function for 
an ideal flow. 


Solution to Exercise 1.9 
(a) For the velocity function q(z) = z we have 
q(2,y) = x and q2(x, y) = y, so 

ðq2 On | 


Ox Oy 


Solutions to exercises 


Hence, by Theorem 1.4(a), q is locally 


circulation-free. However, since 
dai a OMe 
Ox Oy 


the function q is not locally flux-free. 


1+1=240, 


(b) For the velocity function q(z) = iz we have 


qi(z,y) = =y and qo(x, y) = T, SO 
ðq q2 | 
io 


Hence, by Theorem 1.4(b), q is locally flux-free. 
However, since 


the function q is not locally circulation-free. 


Solution to Exercise 1.10 
(a) From equation (1.1), with q(z) = 3e”7/!? and 
6 = —27/3, we have 
q-27/3(2) = Re(3e77i7/12¢- 27/3) 
= Re(3e—***/4) 


(b) The second direction is specified by 
je 2it/3 — e-in/2g-in/3 — o—Tin/6 _ Bin /6. 
so the required component is 
qsz/6(2) 2 Re(3e77i7/12e5i7/6) 
= Re(3e’"/*) 


= 3 us 
= 39 COS A 
=3/V2. 


Solution to Exercise 1.11 
We have 

q(z)e" = Re(G(z)e”) + iIm(G(z)e”) 

= qo(z) + tq(6-2/2)(2); 

by equations (1.2). Taking the complex conjugate 
of both sides, we obtain 

q(z)e— = go(z) — iq¢a—n/2) (2); 
so 


a(z) = (go(z) — tq¢e—n/2)(z))e””. 
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Solution to Exercise 1.12 


(a) The conjugate velocity function is 
1 
0 = pi — — 
q(z) =e 


so, by Theorem 1.2, we obtain 


1 
c+ iF = [ (1-5) dz. 
JR zZ 


This integral can be shown to be zero either by 
using the standard parametrisation for the 
contour I, or by applying the Residue Theorem. 
Hence we have 


Cp = Fr = 0. 


(b) (i) The conjugate velocity function g is 
analytic on C — {0}. Hence, by Theorem 1.3, q is a 
velocity function for an ideal flow on this region. 


(ii) The real and imaginary parts of 


1 oF (x + iy)? 
az) =1-5=1-7—7=1-7.7 
z [zl (x? +y?) 
are, respectively, 
2 2 
T — y 
zj 
g(x,y) (a? fhe MAE 
and 
eave 2xry 
q2\%, Yy) = (x? + y2)? 
The partial derivatives of qı and q2 are 
qı _ 2a(a?— 3y?) ðq _ 2y(Ba? — y?) 
da +y o P 
Og2 _ 2y(3x?—y*) ðq _ 2a(3y* — x”) 
de” Pry" Oy gyr 
Hence we find, if z 4 0, that 
Og. q2 | ðq2 ON 
—+—=0 and —-—~—= 
Ox Oy Ox Oy 


By Theorem 1.4, q is locally both flux-free and 
circulation-free. Hence q is a velocity function for 
an ideal flow. 


Solution to Exercise 2.1 


The complex potential Q satisfies 


Q(z) = Gz). 
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With Q(z) = ®(z) +7V(z) we have 
O® OV 
Q . a ae 
(z + ty) = 5 (ay) +t 5 (zy) 
Ow OW 
= By ow) a in, (ey): 
by the Cauchy—Riemann Theorem and its converse. 


On taking complex conjugates we obtain 


de + iy) = FH = Fey) ie). 


Solution to Exercise 2.2 


The conjugate of q(z) is G(z) = iz, so a complex 
potential function for the flow is 


O(z) = iz? /2. 
Writing z = x + iy, we obtain 


siz? = sila + iy)? = -zry + 5 (x? — y*)i, 
so Im Q(z) = 5(a? — y?). 


Hence, by Theorem 2.1, the streamlines have 
equations of the form 


x? —y? =k, where k is a constant. 


For k Æ 0 these streamlines are branches of 
hyperbolas obtained by rotating the curves ry = k 
shown in Figure 2.4 through an angle of —7/4 
about 0, and for k = 0 the streamlines form the 
parts of the lines y = +2 in the four quadrants 
together with a degenerate streamline at the origin. 


We can use the formula for the velocity function, 


tz = 


q(z) = i(x — iy) = —y — ix, 

to establish the direction of flow along the 
streamlines. For example, on y = x in the 
upper-right quadrant, q(z) points inwards along 


this line. 


Hence, by using the continuity of q, the branches of 
the hyperbolas that cross the positive x-axis must 
have arrows indicating that the flow is downwards 
along these streamlines. You can use a similar 
approach to determine the arrow directions on the 
other branches of these hyperbolas. 


X 
LEN 


Solution to Exercise 2.3 


A complex potential Q is given by 0/(z) = Gz). 
Here we have 


—1+ 8 
ae) = = (ce C-{0}), 
so we require for Q a primitive of 
n Lode 
qe) =- 


We need to choose a simply connected region in 
C — {0} to be the domain of 2. If we choose the 
cut plane C,, then we can take 
Q(z) = —(1 + 82) Log z 
= —(1 + 8i) (log |z| + i Arg z). 


The stream function is then 
Im Q(z) = —(8 log |z| + Arg z). 


The equation for streamlines is Im Q(z) = k, 
where k is a constant; that is, 


—8 log |z| = k + Arg z. 


Further manipulation of this equation gives 
|z| = e7E/8e7 (Arg z)/8 = Ke~(Ars2)/8. 


where K = e~*/8 is a (positive) constant. As Arg z 


increases from —7 to 7, |z| decreases so each 
streamline includes part of a spiral directed 
inwards. By using complex potential functions 
defined with different logarithm functions 

Logy(z) = log |z| + i Argy(z) for values of ¢ greater 
than 7, we find that these streamlines form spirals 
that approach closer and closer to 0, as shown in 
the following figure. 


Solutions to exercises 


The sink strength and vortex strength are the 
(absolute values of) the flux across and circulation 
along any simple-closed contour I that surrounds 
the origin, respectively. These are, in turn, the 
imaginary and real parts of 


148; 
fa@a=f- = az, 
T T á 


which, by Cauchy’s Integral Formula, has the value 


—2ri(1 + 8i) = 16r — 2ri. 
Hence the flow has sink strength |—27| = 2r and 
vortex strength 167. 


Remark: This flow is a combination of a sink and a 
vortex, called a whirlpool or spiral vortez. 


Solution to Exercise 2.4 
(a) We have to show that 


Q(z) = q(2), 
where R=C—{xeER:a<h}. OnR, 
Q(z) = Log’ z — Log’ (z — h) 


for zE R, 


1 il 
=z gh’ 
so 
—— 1 1 
Q = = — = 
@=4- ae), 


as required. 


The complex potential 
Q(z) = Log z — Log(z — h) 
leads to the stream function 


W(z) = ImQ(z) = Arg z — Arg(z — h). 
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(b) The streamlines are the paths given by 
W(z) =k. Suppose first that z is in the upper 
half-plane. 


A 


$ 


Arg z Arg(z >M 


The angle ¢ marked on the figure is equal to 
Arg(z — h) — Arg z, since the exterior angle of any 
triangle is equal to the sum of its two opposite 
interior angles. Hence as z moves along a 
streamline, the angle ¢ remains constant. It 
follows, by the geometry hint, that z moves along a 
circular arc passing through 0 and h. By 
symmetry, the centre of the circle lies on the line 
i gh. 

A similar conclusion is reached by considering z to 
lie below the real axis. The real axis itself contains 
three streamlines, namely (—oo,0), (0, h) and 
(h,co). The flow directions on the streamlines 
follow from the facts that z = 0 is a source and 

z = h is a sink. Therefore the streamline diagram 
is as follows. 


A 


Solution to Exercise 2.5 


Taking the limit, we have 


1/1 1 
tim al) = tim > (2 - =) 
ee a 
h>0 hZ(Z — h) 
o 1 
za 


which is the velocity function for a doublet. (The 
streamlines near a doublet are shown in 
Figure 2.7.) 


Solution to Exercise 2.6 


(a) The velocity function is 


ae) =2(1+3). 


A complex potential for this flow is 
Q(z) = 2(z + Logz) (z € Cr), 

and the corresponding stream function is 
ImQ(z) = 2(Im z + Argz) (z € Cz). 


(b) The only stagnation point is the unique 
solution of the equation q(z) = 0, which is z = —1. 


(c) By part (a) the streamlines have equations of 
the form 


y+ Argz = k, 


where z = x + iy and k is a constant. We have 


lim Imz =0 and 
z—=—1 


lim Argz = +r, 
z=-—1 

where the plus or minus sign is chosen depending 
on whether the limit is taken from above or below 
the real axis, respectively. Therefore any 
streamlines that approach the stagnation point 
from the upper half-plane or lower half-plane must 


have equation 


y+Argz=a or y+Argz=-—n7. 


The streamline with equation y + Arg z = 7 lies in 
the horizontal strip {x + iy: 0< y < 7}, meets 
each horizontal line y = c, 0 < c < 7, exactly once, 
and crosses the imaginary axis at im/2. 


Similarly, there is a streamline with equation 
y + Arg z = —r that approaches —1 and lies in the 
horizontal strip {x + iy: =r < y < 0}. 


(d) The streamline with equation y + Arg z = m 
has the property that as y increases on the curve 
towards the value 7, the quantity Arg(a + iy) 
decreases to 0. 


Similarly, the streamline with equation 

y + Arg z = —7 has the property that as y 
decreases on the curve towards the value —7, the 
quantity Arg(x + iy) increases to 0. 


Knowing the approximate shape of these two 
streamlines, together with the facts that for large z 
the flow is approximately uniform and that there is 
a source at 0, enables us to produce a sketch of the 
streamlines, as below. 


2T 


ail 


Remark: The two streamlines emerging from the 
stagnation point —1 can be considered to be the 
boundary of a large blunt object, of width 
approaching 27, placed in a uniform flow, as shown 
in the figure. 


Solution to Exercise 2.7 


If q is the velocity function for an ideal flow with 
flow region C, and it is bounded, then there exists 
a real number K such that 


lg(z)| < K, forzec. 


But @ is an analytic function with the same domain 
as q, and it is therefore entire. Also, we have 


la()| = la(2)l, 


so g is also bounded. It follows from Liouville’s 
Theorem that g is a constant function, and hence 
that q is constant also. The corresponding flow is 
therefore uniform. 


for z € C, 


Solutions to exercises 


Solution to Exercise 3.1 


(a) The function J is one-to-one on the region 
{z : |z| > 1}, and for x € (0,00) we have 


1 
J(æ)=z+ = 
(x) =2+-, 


so the restriction of J to the interval [1,0o) is a 
one-to-one real function. It follows that J is 
monotonic on this interval (in fact it is increasing 
since J'(x) = 1-1/2? > 0 for x € (1, 00)), so J 
maps [1,r] onto [J(1), J(r)] = [2,r + 1/r]. 


(b) For y € (0,00) we have 
. : 1 : 1 ; 
i) = i(y = z) = io(y), 


where ¢(y) = y — 1/y. So the restriction of J to 
{iy : y => 1} is a one-to-one function which takes 
values on the positive imaginary axis, for y > 0. 
Hence J is a one-to-one mapping of the line 

segment from i to ir onto the line segment from 


J(i) = 0 to J(ir) = i(r — 1/r). 
Solution to Exercise 3.2 
(a) The given circle is 
C, = {z : |z| =r} = {re : 0 < t < 2r}. 


The image under J, of a typical point in C, is 


a? , ay: 
= | r+ — ]cost+2| r— — }sint. 
f r 


Thus the parametric equations of the image are 


a? aN. 
u=|{r+—]cost, v= {r= — ]sint, 
r r 


for 0< t< 2r. 


Now cos? t + sin? t = 1, so the image of the 
circle C; is the ellipse with equation 


u? v? 


Also, if z = re” traverses the circle C, once, then 
the image point w = f(re’*) traverses the ellipse 
once, so Ja is a one-to-one mapping of C, onto the 
ellipse. 
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(b) The image under J, of a typical point on the 


ray is 
Jaltet®) — te? + aoe 


2 2 
= G £) cos0 + i(+ £) sin ô. 


Thus the parametric equations of the image are 


2 2 
y= (+5) cos, v= (+ £) sin 0, 


for a < t < oo. 


Now we can use the identity 


ay ay 
t+—)-[t->] = 4? 
F a ae 


to eliminate the parameter t, so the image of the 
ray has equation 
2 2 

—_ — CLAN = 4a?, 

cos?6 sin? @ 
which is a hyperbola. Since cos@ > 0 and sinf > 0 
for 0 < 6 < 7/2, the image of the ray is the part of 
this hyperbola lying in the upper-right quadrant of 
the w-plane. As the ray is traversed once, its image 
under J, is traversed once, so Ja is a one-to-one 
mapping of the ray onto the part of the hyperbola 
that lies in the upper-right quadrant. 


Solution to Exercise 3.3 


The ellipse E is of the same form as that 
considered in Exercise 3.2(a), but rotated about 0 
through an angle 7/2. By equation (3.1) we have 
the decomposition 

Ja = ae o Jao R-r/2, 
where a = ia = aet"/?, Using this decomposition 
of Jia, we find that R_, /2 Maps the circle C, onto 
itself, then Ja maps this circle onto the ellipse in 
Exercise 3.2(a), and finally R a= R,/2 Maps 
this ellipse onto Æ. Hence Jia maps C, onto E. 


Since Jia is a one-to-one conformal mapping from 

{z : |z| > a} onto C — L(—2ia, 2ia), by 

Theorem 3.3(b), and E surrounds L(—2ia, 2ia), it 

follows that Jia is a one-to-one conformal mapping 
from {z : |z| >r} onto the unbounded region 

with E as its boundary. 


Solution to Exercise 3.4 


By Theorem 3.1, the Joukowski function J is a 
one-to-one conformal mapping from 
C — {z : |z| < 1} onto C — [—2, 2]. Also, by 
Exercise 3.1(a), with r = 2, we have 

J([1, 2]) = [2,3], 
and, by similar reasoning (or using the fact that J 
is an odd function, that is, J(—z) = —J(z) for 
z € C — {0}), we have 


J([-2, -1]) = [-3, 


2]. 
Hence J maps C — K onto the region that is the 


complement of 


[3-2] U[-2,2] U [2,3] = [>22] 


as required. 


Solution to Exercise 3.5 


In the proof of Theorem 3.1 you saw that the 
Joukowski function can be expressed as the 
composition of three simpler functions: 

, Z2 = 241, W= , 
z—1 22 = 1 


applied in this order. 


zı = 


We suppose that the acute angle between the 
circle C and the unit circle C1 at both points +1 
is 0, as shown in the figure in the exercise. Then 
the Möbius transformation 

+1 

2=1 
maps C to an extended line through 0, making an 
angle of 0 with the imaginary axis and lying in the 
upper-left quadrant and the lower-right quadrant. 


zı = 


Next, z2 = z? maps this extended line through 0 to 
an extended half-line with endpoint at 0, making 
an angle of 20 with the negative real axis and lying 
in the lower half-plane. 
Finally, the Möbius transformation 

_ 2z2+2 

B vA 1 


maps this extended half-line with endpoint at 0 to 
an arc of a circle from 2 to —2, making an angle 
of 20 with the line segment |—2, 2] at each of its 
endpoints, and lying in the upper half-plane. 


Remark: Note that the critical points of J are +1 
and at these points the angle 0 is doubled under J. 
Also note that under J, the arcs of C that lie 
inside Cı and outside C1 are both mapped to the 
same arc from 2 to —2. 


Solution to Exercise 4.1 
(a) The condition for stagnation points is 
q(z) = 0, or equivalently G(z) = 0. Here we have 


a2 


q(z)=1--, forz¢C-— {0}, 
Z 
so the stagnation points satisfy 


2? —@ = (z+a)(z—a) =0. 


Hence the only stagnation points are z = +a. 


(b) Substitution of z = ae” into q(z) = 1 — a? /Z? 


gives 
2 


ity _ a 
q(ae") = 1 ewe 
= 1 = e2it 


= (i = etje” 
= (—2isint)e*, for 0< t< 2r. 


This gives the velocity of the flow at z = ae” on 


the circle {z : |z| = a}. The flow speed here is 
|q(ae")| = 2|sin t|. 


Solution to Exercise 4.2 

The stagnation points of the flow satisfy the 
equation q(z) = 0, which is equivalent to the 
quadratic equation 


2? —icz —a? =0. 


Hence the stagnation points are 


at 


p=, (ie 4/ 4a =e). 
(a) For —2a < c < 0 we have 4a? — c? > 0, so the 


stagnation points have real parts +4v 4a? — c? and 
imaginary part $C. The modulus in each case is 


|z| = 3 Vv (4a? —)+cC =a, 


so both stagnation points lie on the circle 

{z : |z| =a}. They are below the real axis (since 
c < 0) and symmetrically placed on either side of 
the imaginary axis. 


Solutions to exercises 


(b) For c= —2a we have 4a? — c? = 0, so 
z= sic = —ia, a single stagnation point. 


(c) For c < —2a we have 4a? — c? < 0, so the 
stagnation points are z} and z_, where 


z+ = 5i(c+ VC? — 4a”). 


Both of these points are on the imaginary axis and 
below the real axis (since c < 0 and 


|e] > Vc? — 4a?). Since c < —2a we have 


Imz- = į(c— Vc? — 4a?) < $c < —a, 


so |z_| > a. Hence z_ lies on the negative 
imaginary axis below the circle {z : |z| = a}. 


On the other hand, z+ lies inside the circle 
{z : |z| =a} because z4z_ = —a?, so 
lz4| = a?/|z-| <a. 


Solution to Exercise 4.3 


We show that q(z) = 1 satisfies the three properties 
given in the statement of the Obstacle Problem. 


(a) Since g(z) =1, jim g(a) =1, 
(b) A complex potential function for q is 
Q(z)=z (zEeC-K). 
Let K = L(a + ik,b + ik), where a,b,k € R 
and a Æ b. If a € OK = K, then 


lim Im Q(z) = lim Imz = k. 
Za Za 


(c) Since q has an analytic extension to the whole 
of C, we have Cp = 0 for any simple-closed 
contour I surrounding K. 


Solution to Exercise 4.4 


The translation f(z) = z — 8 is a one-to-one 
conformal mapping from C — K onto C — Ka. 
Also, f satisfies the Laurent series condition of the 
Flow Mapping Theorem with ag = —6 and 

a—ı =a_g =- = 0. Thus the velocity function 
that solves the Obstacle Problem for K with 
circulation 27c around K is 


q(2) = da,e( F(z) F(z) 


since f’(z) =1. 
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Solution to Exercise 4.5 
As in Example 4.1, we use the fact that 


f(z) = J~1(z) is a one-to-one conformal mapping 
from C — K onto C — Ky, which satisfies the 
Laurent series condition of the Flow Mapping 
Theorem. Thus a suitable complex potential 
function is 

Q(z) = Na elf (z)), 
where f(z) = J-(z) anda=1. 
Using the hint, we have 

Q(z) =U, e(I7*(z)) 
J(J~*(z)) — icLog(J~*(2)) 
z — icLog(J—(z)). 


The velocity function is g(z) = Q’ (z). By 
differentiating Q(z) = z — icLog(J~1(z)) and using 
Lemma 4.1(c), we obtain 


ie( J7Y'(2) 


O'(z) =1- Fa) 
ajn _ I) 
J-M2) (ey 1 = 4/2) 
Hence 


q(z)=1- (as) 


as required. 


Solution to Exercise 4.6 
By Theorem 3.2, the function 
f(z) = Ja (2) = (2 + 2/1 — 402/27) 


is a one-to-one conformal mapping from C — K 
onto C — Kg. 


Now we show that f = J7! satisfies the Laurent 
series condition of the Flow Mapping Theorem. 
We use the binomial series 


(1 _ 4a? /z?\/2 


Sigl 4a? J 
2 z2 


z2 z4 ; 


ee 


2! 


for |z| > 2a. 


Hence 
2a? 2af 
=i pa 
Ja (@) = 5(2+e(1- 3-4 - eJ) 
2 4 
sgo ni -, for |z| > 2a, 
Z 


as required. 


It follows from the Flow Mapping Theorem that 
the required flow velocity function is 


q(2) = qa,e(Ja (2) (Ja) (2) 


ae 
= 
( (Ja*(z))? 
Using the identities 


(J (2) = (1- @ /(Jg*(2)?) 


and 


Jah (z) — a? /JZ4(z) = 2/1 — 402/22, 


from Lemma 4.1 with a = a, we obtain 


= (= ars): 


as required. 


Solution to Exercise 4.7 


The function J! is a one-to-one conformal 
mapping from C — [—2a, 2a] onto 

C — K, = {w : |w| < a}. This function maps the 
elliptical boundary OK of the given obstacle to the 
circular boundary K, = C, of the closed disc 

K, = {w : |w| <r}. Hence the restriction f of Jz! 
to C — K is a one-to-one conformal mapping from 
C— K onto C— Kr. 


Also, by Exercise 4.6, we know that the 

mapping Jņ t satisfies the Laurent series condition 
of the Flow Mapping Theorem, and hence f does 
also. 


It follows from the Flow Mapping Theorem and 
Lemma 4.1(c) that the flow velocity function is 


q(2) = dre(Ja(2))(Ja*)(2) 


ia r? = i =e 
- (Gata Fay) VE 
r2 


as required. 


Solution to Exercise 4.8 


The stream function is 


a2 
Im Q(z) = y| 1 —- ——s 
m (z) u( z2 + =) ’ 
which is constant on each streamline. Thus the 


streamline through 2ia (at which point x = 0 and 
y = 2a) has the equation 


2 2 
a S a 28 
Observe that 
1 1 

= = 0a z > œ, 

z? +y? |? 
SO 

2 


3 a 3 
= ża 1 — —— ] > ža as z => œ 
y łe ( m) 2 


along the streamline. Hence this streamline has 


y = 3a as a horizontal asymptote. 


Solutions to exercises 


Solution to Exercise 5.1 


(a) The function Jņ! maps the boundary of the 
aerofoil OK onto the circle C, and it is a 
one-to-one conformal mapping from C — K onto 
the region that forms the outside of C. 
Furthermore, the translation g(w) = w +b maps C 
onto OK 445, where Kay, = {w: |w| < a+b}. Thus 
the composite function 


fle) = Ja (ze) +6 
maps OK onto 0K a4», and it is a one-to-one 
conformal mapping from C — K onto C — Ka+». 


(b) Since J; + satisfies the Laurent series condition 
of the Flow Mapping Theorem, so does f. 


By the Flow Mapping Theorem (with a+ b in place 
of a), a suitable complex potential for the flow is 
Q(z) = (Qato, ° f)(z) 
= Qarb elJa (2) +b) 
(a + b)? 
w+b 


=w+b4 ic Log(w + b), 


where w = J71 (2). 


(c) By differentiating Q or using the formula given 
in the Flow Mapping Theorem, we obtain 


B (a+b)? ic E 
(= (1- Sure, 


where, by Lemma 4.1(c), 


w =a 
It follows that, expressed in terms of w = J7 +(z), 
the velocity function is 


w2 T o ic 
w2 — a? (w+b)? w+b/’ 


as required. 


q(z) = 
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(d) To find the behaviour of g(z) as z > 2a, and 


hence as w = J,!(z) — a, we do some rearranging 


using the hint: 
mol- 4-4) 
w? — a? (w+b)? wtb 
w? po £) 
(w + b)? w+b 
_ w?(w +a 2b) 7 icw? 
(w+a)(w +b)? (w+b)(w? — a?) 


Now, 


Ten. 


w? (w +a + 2b) a*(2a+2b) a 
(w+a)(w+b)?  (2a)\(a+b)? a+b 


as w — a. Also, if c #0, then 


icw? 
(w + b)(w? — a?) 


so lim q(z) does not exist. However, if c = 0, then 
z—>2a 


> œ as w > a, 


the limiting velocity as z > 2a is a/(a + b). 


Solution to Exercise 5.2 
(a) Since a = ae~*? and a > 0, we have 
Jo. = Ry 0 Igo Rg. 
If B is the circle R 0) then 
C = R¿(B). 
It follows that 
OK = (R3 ONC) 
= (Ry 0 Jao Rg)(B) 
= Ja(B): 


Let D be the closed disc with boundary B which 

has centre —be~’? and radius a + b. The function 
J, maps C — K onto C — D, and the translation 
g(w) = w + be-*? maps C — D onto C — Ka+. 


Thus the function 

f(z) = Ja (z) tbe? (ze C-—K) 
is a one-to-one conformal mapping from C — K 
onto C — Kayo. 


Also, f satisfies the Laurent series condition of the 
Flow Mapping Theorem since Jz! does; see 
Example 5.1. 
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(b) A suitable complex potential for the flow 
past K with circulation 2rc around K is given by 
Q(z) = (Qato, ° f)(z) 
= 0a ethe] 
(a+b)? 
w + be-*? 
— icLog(w + be~*®), 


=w+be? + 


where w = JZ!(z), as required. 


Q 
(c) Next we differentiate Q to find the velocity 
function q using the identity 


Remark: A somewhat delicate calculation shows 
that the limit lim q(z) of the velocity at the 
Z>LZa 
trailing edge of the aerofoil exists if and only if 
c = —2(a + b) sin ¢, in which case the circulation is 
negative. For this value of c we have 
COS @ 


az) = a+b 


Note that for = 0 this expression equals 
a/(a+ b), as found in the solution to Exercise 5.1. 


lim 
Zz 2a 


Solution to Exercise 5.3 


(a) The image under J, of C — Ka is 
C — [—2a, 2a], so we choose a = 3. 
(b) The function f = Ja o J is a one-to-one 
conformal mapping from C — K onto C — K5/4, 
which satisfies the Laurent series condition of the 
Flow Mapping Theorem, by the hint. 

Hence, by the Flow Mapping Theorem, a complex 
potential function for the flow past this obstacle is 


O(z) = (O5/4,c © f) (2) 
= J(z)— icLog(J5/4(J(z))), 
by the hint. 


Proceeding as in the solution to Exercise 4.5, with 
a = 5/4 instead of 1 and J(z) instead of z, we find 
that the velocity function is 


= h — ——| Je), 
J(z)v 1 = (25/4)/(F(2))? 


as required. 


Solution to Exercise 5.4 


By the result of Exercise 3.3, the function Jia is a 
one-to-one conformal mapping from C — K, onto 
C — K, so the function f = Jz is a one-to-one 


conformal mapping from C — K onto C— K,. Also, 


as in Example 5.1, f = Jo satisfies the Laurent 
series condition of the Flow Mapping Theorem. 


Hence, by the Flow Mapping Theorem, a complex 
potential function for flow past this obstacle is 


Q(z) = (Qne oF 1)(2) 


= Ja) + garg ~ eLo (2), 
where 
J) = $(z+ 2/1 + 4a?/z?). 
Then 
2 
My) = 7 r _ ic aie 
vo- -ggr Few) aN 
r? ic 
E 
1 
«(; — (ia)? / (Jig ae 
_ (gle)? = 7? = icJzt l) 
(J, (2)? +e? 
= (Ja (2)? + a — (r? + a?) — ieJ,,"(z) 
7 (Ja (2)? + a? 
a r? +a? + icJ;,"(z ) 
=1- (ara) 


r2 +a? + icJ; (2) 
q(z) == (Se i a2 i 


as required. 


Solutions to exercises 


Solution to Exercise 5.5 


The function J7! maps C — K onto C — D, and 
the translation g(w) = w — 6 maps C — D onto 
C — Kj,-4), where Kı- is the closed disc with 
centre 0 and radius |1 — 6|. Hence the function 

f =go0 JT is a one-to-one conformal mapping 

from C — K onto C — Kj,_4). 


Also, f satisfies the Laurent series condition of the 
Flow Mapping Theorem since J~! does. 


Hence, by the Flow Mapping Theorem, a complex 
potential function for this Obstacle Problem is 


Q(z) = (91-61, ° F)(2) 
= Oi- =A] 
2 
w— p+ E> — — icLog(w — 8), 


where w = J7} (z). 


The corresponding velocity function is 


ey ee ee ee 
ae) = (1- Sa a 
using the identity (J~')'(z) = 1/(1 — 1/w?) from 
Lemma 4.1(c), with a = 1. 
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Introduction 


Introduction 


Many techniques for solving equations involve iteration, otherwise known YA 
as the method of ‘refining guesses’. For example, one way to solve a real 
polynomial equation p(x) = 0 is to use the Newton—Raphson method, based 
on sequences (£n) defined by the recurrence relation 


p(&n) (En, P(4n)) 
P' (En) 
The justification of this recurrence relation is shown in Figure 0.1, which 
indicates that if £n is ‘close’ to a zero a of p, then £n+1 is (usually) even 


nii — En. = 1 OW 2s 


gradient p' (xn) 


closer. For example, if p(x) = z? — 2, then the Newton—Raphson = P(2n) 
recurrence relation is Tn — Ln41 
2 
z4—2 1 2 4 5 
Ln41 = Tn — on =3(m+ ). n=0,1,2,.... ia Tn T 


An initial guess of x9 = 2 for a solution of p(x) = 0 yields the sequence of 
refined guesses 2,1.5,1.417,..., which converges rapidly to the known through the point (£n, p(£n)) 


solution V2. intersects the x-axis at 
In this unit we study the behaviour of complex iteration processes of the £ = n41 
form 


mai = fn); M= 12 ass, 


where f is an analytic function. Usually f will be a polynomial function, 
although we spend a short time in Section 1 discussing the 
Newton-Raphson method for polynomial functions, which involves the 
iteration of rational functions. Most of Section 1 is devoted to the basic 
notions associated with iteration: nth iterates, fixed points and conjugate 
iteration sequences. 


Figure 0.1 The tangent line 


Section 2 takes up the iteration of complex quadratic functions, which is 
the main topic of the unit. We begin by showing that it is sufficient to 
consider quadratic functions belonging to the basic family 

{P.(z) = 22 +c: c € C}, because each quadratic function is equivalent, in 
a certain sense, to one of this form. We then consider, for any given c € C, 


the set of points Ee which ‘escape to oo’ under iteration of P., and ¢; 

establish some basic properties of Ee and its complement Ke. To ` < 

determine some of the points of Ke, we introduce the idea of a periodic x i 
4% 


cycle of points; we show that certain periodic cycles must lie in the interior 
of Ke, whereas others lie on the boundary of Ke. This boundary is called 
the Julia set Je of P, (see Figure 0.2). Figure 0.2 A Julia set 


In Section 3 we use a technique called graphical iteration, which applies 
only to real functions, to obtain various properties of the set Ke in the case 
when c is real. For example, we determine the nature of the set Ke N R for 
all real numbers c. 
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Figure 0.3 Mandelbrot set 
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In Section 4 we define the Mandelbrot set, which is the set M of numbers c 
such that the set Ke is connected, and we obtain a criterion for c to belong 
to M. This criterion makes it possible to plot pictures of M (see 

Figure 0.3) and thus reveal its immensely complicated structure. We 
investigate this structure by using a result which states that if P, has a 
so-called attracting cycle, then c € M. 


You may be tempted to think that the Mandelbrot set is in some sense an 
oddity, arising from some special property of quadratic functions. However, 
in Section 5 we describe briefly some different families of iteration 
sequences, and we find that the Mandelbrot set also appears in these. 


Unit guide 


You may find some of the ideas in this unit challenging. However, your 
labours will be rewarded as you gain some insight into a fascinating 
subject, which has been and continues to be the object of intense research. 


Many of the figures in this unit are shown inside boxes, sometimes labelled 
with appropriate coordinates, rather than with axes. 


Subsections 1.4, 2.4, 4.3 and 4.4, and Section 5, are for reading only — they 
will not be assessed. 


1 Iteration of analytic functions 


After working through this section, you should be able to: 
e calculate several terms of a given iteration sequence 


e determine the nth iterate of a given analytic function, for small values 
of n 


e determine the fized points of certain analytic functions and find their 
nature 


e calculate conjugate iteration sequences 


e determine the Newton—Raphson function N for a given polynomial 
function p, and describe the iterative behaviour of N when p is a 
quadratic function. 


1.1 Defining an iteration sequence 
Any sequence (zn) defined by a recurrence relation of the form 
Zari = f (2n); n=0,1,2,..., 


where f is a function, is called an iteration sequence with initial 
term zo. Note that some texts call zo the seed and (zn) the orbit of zo, 
and refer to an iteration sequence as a dynamical system. 


For example, if f(z) = 2z, then the recurrence relation is 


Pra = 22a N= L2 cans 


1 


If zo = i, then the first few terms of the corresponding iteration sequence 
are 


20 = Ls A= 2%, #9 = 4i, 23 = 8i, 
In this case the sequence (zn) tends to infinity, but if we had chosen 
zo = 0, then the corresponding iteration sequence would be constant: 
zo = 0, zı =0, z2 = 0, z3 = 0, 


Thus the behaviour of a given iteration sequence depends not only on the 
function f, but also on the choice of initial term zo. We often represent 
such iteration sequences, as in Figure 1.1, by plotting the points zo, 21,..., 
and indicating how these points are related by the function f. 


Exercise 1.1 


Calculate and plot the terms zo, 21, z2, z3 for each of the following iteration 
sequences, and write down the corresponding functions f. 


(a) zai = 22, 20 =1 (b) 2n41=52n+1, 2 =0 


(c) 2a41=22—1, 2 =0 (d) Zn41 = 22 +i, w2=0 


Consider the sequence (zn) defined by 
zn41 =f lin), n=0,1,2,.... 
Then 
zı = f(z), 2=fla)=f(f(2o)), 23 = f(z2) = f(f(F(0))); 
and, in general, 
in = F(C (F(20)) ++), forn = 1,2,..., (1.1) 


where the function f is applied n times. We introduce a notation for such 
repeated compositions. 


Definition 
Let f: C — C be a function. The nth iterate of f is the function 
f” obtained by applying f exactly n times: 


Po SYfOposres, wiewem = 1,2 ose 
Also, f° denotes the identity function f°(z) = z. 


For example, 


F=f) and f?(z) = IEC) 
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z3 = 8&1 


z2 = 4i 


z= 21 
2. =4 


ye 


(a) 


Prd 2245 Te = 0, Lys 


> 


(b) 
Figure 1.1 The sequence 
., with: 


(a) zo = i, (b) zo =0 


zo =z] >"' 


aij 
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f2(zo) © a i 


F P(o) 


Figure 1.2 Images of zo 
under iterates of f 


1. Note that we write f?(z) to mean f(f(z)), which is different from 
(f(z))?. However, when using trigonometric functions we continue to 
write sin? z for (sin z), for example, since this is standard practice in 
mathematics. 


2. Equation (1.1) can be written in the convenient form 
t= f læ) WH LAs 
see Figure 1.2. 
3. Note that if m,n € NU {0}, then 


F™( F(z) = F(z) = FPF (2), 


since composition of functions is associative. 


Example 1.1 

Determine the rules for the functions f? and f? when f(z) = 2? — 1. 
Solution 

We have 


f(z) = f(F(2)) 
= 
= 1) 
= z4- D 


EN 
= (73 =] 
= 2° — 476 4 474-1, 

Alternatively, 

P=) 
= (7 =) = 27 = 1) 
=e Ge. Ae) = Dle = a H 1) 
=z A Ae I 


Determine the rules for the functions f? and f? when f(z) = iz +1. 


The solution to Example 1.1 suggests that for some functions f it may be 
difficult to find a general formula for the nth iterate f”. However, there 
are a few simple cases for which formulas can be found. 


Find a formula for the nth iterate f” of each of the following 
functions. 


(a) f(z) =az, where ae C w e= 


(a) We have 


( 

f(z) = F(F(2)) = f (az) = a(az) = 072, 
P (2) = FF? (2)) = f(a°z) = a(a?z) = a2, 

and, in general, by the Principle of Mathematical Induction, 
PN S O m= 2 a 

(b) We have 

Fe) = Fhe) = z, 
P = IEG) = e) eI, 
P) = APE) = Ie) = (HY = 2, 

and, in general, 


f'@=z2, forn=1,2,.... 


The following exercise gives some other functions for which we can find 
explicit formulas for the iterates. 


Exercise 1.3 


Find a formula for the nth iterate f” of each of the following functions. 
(a) f(z) =z+b, wherebeC (b) f(z) = 23 


The formulas obtained in Example 1.2 and Exercise 1.3 can be used to 
determine the behaviour of the corresponding iteration sequences, as we 
now illustrate. 


Ganrtinne 
runctions 


iple 1.3 


Prove that if f(z) = az, where a € C, |a| < 1 and z € C, then 
=> 0) aS m = CO. 
(b) Prove that if f(z) = 2? and |zo| < 1, then 


( 

) 

( 
Zn = f"(z0) > 0 as n > oo. 
(c) Prove that if f(z) =z +b, where b € C, b #40 and 2% € C, then 
) 


(a) By Example 1.2(a), 
m=] o eco o — le eee 


Since |a| < 1, we know that (a”) is a basic null sequence, so (zn) 
is a null sequence (see Theorems 1.2 and 1.3 of Unit A3). 


(b) By Example 1.2(b), 
2 =f (29) = aoe formo 1 Mroooe 
Next we use the Binomial Theorem to show that 
27 (1a)? Sane en, form — 192, 
Hence 
kal = lka <|zol", for n=1,2,.... 


Since |zo| < 1, (|zo|”) is a null sequence and therefore so is (zn), 
by the Squeeze Rule (Theorem 1.1 of Unit A3). 


(c) By Exercise 1.3(a), 
Zn = F (20) = 20 + nb, torn — 1,2). ..: 


Thus 
Les il 
= = zo + nb 
ee 
E zo/n+b 


0 
> z 70 as n > ov (since b # 0). 


Hence, by the Reciprocal Rule (Theorem 1.5 of Unit A3), 


gn 7 LIER I > E 


1 


In Example 1.3(a) we saw that f"(zo) —> 0 as n > oo for all choices of 
initial term zo, whereas in Example 1.3(b) we saw that f"(zo) > 0 

as n — co whenever |zo| < 1. In the next exercise we ask you to investigate 
what happens for this latter function f with other initial values. 


Exercise 1.4 


Let f(z) = 2”. Determine the behaviour of the iteration sequence 
m= S la) n=l 


when 
aw=1, Ahas aea W aL 


1.2 Fixed points 


Whenever an iteration sequence defined by a continuous function f 
converges to a limit a, say, then the point a has the property that 
f(a) = a, as we now show. 


Suppose that the iteration sequence zn = f” (zo) satisfies 
Zn > Q as n — OO. 


Then the sequence (zn+1), which is just the sequence (zn) with its first 
term removed, also has the property that zn+1 4 & as n — oo. Therefore 


a= lim znj = im fln) = fla), 
M+ Co NM Co 


the last equality holding because the function f is continuous at a. As the 
limit a satisfies f(a) = a, it is called a fixed point of the function f; see 
Figure 1.3. 


Definition 
A fixed point of a function f is a point a for which f(a) =a. 


For example, the function f(z) = 2z has 0 as a fixed point, and the 
function f(z) = z? has 0 and 1 as fixed points. In general, we find the fixed 
points (if any) of a given function f by solving the fixed point equation 


fa) =z. 


Exercise 1.5 


Determine the fixed points of each of the following functions. 


(a) f(2)=4e4+1 b) f(e)=2-2 (o) fe) = 
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Figure 1.4 An iteration 
sequence attracted to a fixed 
point 
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The behaviour of an iteration sequence zn = f"(zo), n = 1,2,..., near a 
fixed point a of an analytic function f depends to a great extent on the 
derivative of f at a. Using the idea of a complex scale factor from 
Subsection 1.5 of Unit A4, we see that if | f’(a)| < 1, then to a good 
approximation f maps any small disc with centre a to an even smaller disc 
with centre a. Thus an initial term zo near a gives rise to an iteration 
sequence which is attracted to a (see Figure 1.4). 


Theorem 1.1 


Let a be a fixed point of an analytic function f, and suppose that 
| f’(a)| < 1. Then there exists r > 0 such that 


lim f"(z0) =a, for |z—al <r. 
Noo 


Proof We first choose a real number c such that | f’(a)| < c< 1. Since 


tim £62) — #2) 


1 1 
= — 0 
f(a) im —~—, and c-|f (a)| > 0, 
there is a positive number r such that 
F-E _ pay <c—|f'(a)|, for0<|z-a|<r. 
zZ-a 


This follows from the ¢-6 definition of limit (Subsection 3.2 of Unit A3) by 
putting £ = c — | f'(a)| and 6 =r. 


Hence, by the Triangle Inequality, 


<e-|f'(@)|+|f'(@)| =, 


for 0 < |z — a| < r. Thus, since f(a) = a, we have 


< 


|f(z) —al<clz—al, for |z-—al <r. 
In particular, if |zo — a| < r, then 
|f(z2) — al < czo- al < er <r, 
so | f (zo) — a| < r, also. 
Hence, by repeating this process, we obtain 
|f?(20) — al < elf (zo) — al < Plz —a| < er <r, 
and, in general, 
|f” (z2) —al <c"|zo-—a|, forn=1,2,.... (1.2) 


Since 0 < c < 1, the sequence (c”) is a null sequence, so 


Jim f” (zo) =a, for |z —al <r. a 


1 


Notice in the proof of Theorem 1.1 that the smaller | f’(a@)| is, the smaller 
we can choose the number c to be (such that | f’(a@)| < c< 1) and hence 
the faster the sequence (f"(zo)) converges to a, by inequality (1.2). This 
convergence is especially fast if f'(a) = 0. 


If a is a fixed point of f for which |f’(a)| > 1, then we should expect an 
initial term zo near a (but not a itself) to be pushed away from a by f. 
If | f’(@)| = 1, then the behaviour depends in a more subtle way on the 
precise value of f'(a). These observations suggest the following 
classification of fixed points. 


Definitions 

A fixed point a of an analytic function f is 
e attracting if |f’(a)| <1 

e repelling if | f’(a)| >1 

e indifferent if | f’(a)| = 1 

e super-attracting if f'(a) = 0. 


Remarks 


1. Note that a super-attracting fixed point is a special type of attracting 
fixed point. 


2. Some texts use attractive or stable instead of attracting; repulsive or 
unstable instead of repelling; and neutral instead of indifferent. 


As an example, the function f(z) = az, where a € C, has 0 as a fixed 
point, and since f’(z) = a, this fixed point is attracting if |a| < 1, repelling 
if |a| > 1 and indifferent if |a| = 1. 


Exercise 1.6 


For each of the following functions f, classify the given fixed points & as 
attracting, repelling or indifferent, and identify any attracting fixed points 
that are super-attracting. 


(a) f(z) =27, a=0,1 
(b) f(z) =4g2z+1, a=2 
(ce) f@)=2?—-2, a=2 


For any given analytic function f with an attracting fixed point a, it is 

natural to ask exactly which points z are attracted to a under iteration 

of f (that is, f” (z) + a as n > co), so we make the following definition. 
Here, and subsequently, we may use z, rather than zo, as an initial term 
when we do not need to label the sequence (zn). 
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Definition 


Let a be an attracting fixed point of an analytic function f. Then the 
basin of attraction of a under f is the set 


{z : f"(z) > a as n > oo}. 


A simple example is the basin of attraction of œ = 0 under the function 
f(z) = 22. This is the open unit disc because 


f"(z0) ~0asn—> oo, for |z| < 1, 
by Example 1.3(b), but 
f"(2) AVasn>o, for |z| > 1, 


since | f”(zo)| = |z0|?" > 1, for n = 1,2,.... Later in the unit we will see 
much more complicated examples of basins of attraction. 


Exercise 1.7 


For each of the following functions f, determine the basin of attraction of 
the given fixed point a. 


(a) f(z) = 42, a=0 (b) f(z)=23, a=0 


1.3 Conjugate iteration sequences 
Consider the iteration sequence 


Int] = 22 + 22n, n=0,1,2,..., with z =—4, (1.3) 


and suppose that we wish to find a formula for z, in terms of n. This 


iteration sequence is quite complicated, so it is sensible to look first at a 
few terms of (zn): 


eal! _ 3 —_ 15 — 255 
20 = =53> 2 =~] 22 = — 76> 23 = — 956) 


It appears that zn — —1 as n > oo, which suggests that we should make 
the substitution 


Zn = Wn — 1, 
and try to find a formula for wn. Substituting zn = Wn — 1 and 
Zn+1 = Wn41 — 1 in equation (1.3), we obtain 
trae — 1 = (wn = 1)? + 2(wn — 1) 
= w2 — 2wn + 1 + 2wn — 2 


n 


1 


The iteration sequence 
Wn41 = we, n=0,1,2,..., with wọ = 2+1= 3, (1.4) 


is simpler than the one given in equation (1.3) and, moreover, we know 
from Example 1.2(b) that 


Wn = me for n = 0,1,2,.... 


We deduce that the formula for zn in terms of n is 
m=(4)" -1,  forn=0,1,2,.... 


More generally, suppose that we wish to investigate the iteration sequence 
nal = flan). =D aes 

and h is a one-to-one function. Then we claim that 
tity = Mn m= 012 ees 


is also an iteration sequence. Indeed, the inverse function h~! exists 
because h is one-to-one, so zn = h~ (wn) and 


Wn+1 = h(zn+1) 
= h(f(h'(wn))), for n= 0,1,2,.... 


Thus 
üni =glw,), forn= 0,1, 2s: 


where the function g is given by g = ho f oh! (see Figure 1.5). With a 
suitable choice of h, the function g may be simpler than f (as in the 
example above, where f(z) = z2? + 2z, h(z) = z + 1 and g(w) = w°). 


t an h f Wnt = h(Zn41) 


Yo O P 


Figure 1.5 Conjugate functions f and g = ho f o h`! 


We make the following definitions. 
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Definitions 


The functions f and g are conjugate to each other if 
g=hofoh, 
for some one-to-one function h called the conjugating function. 
Let (zn) be the sequence defined by 
Zea (ans ate =O 2 as 
for some initial term zo, and let w, = h(z,), forn =0,1,2,.... Then 
the sequence (wp) satisfies 
ind = Gti) Or Te = O l ee 


and (zn) and (wn) are called conjugate iteration sequences. 


Remarks 


1. Do not confuse this use of the word ‘conjugate’, which is borrowed from 
group theory, with ‘complex conjugate’. 

2. In practice the function g is usually found by substituting zn = At (wn) 
and zn41 = h7!(wn41) into 2n41 = f(Zn) and then rearranging, as we 
did with equation (1.3). 


Since the sequence (wp) is the image of the sequence (zn) under the 
function h, it follows that knowing the behaviour of one sequence may 
help us to understand the behaviour of the other. For example, if both h 
and h~! are continuous functions, then (zn) is convergent if and only 

if (wn) is convergent. Also, a is a fixed point of f if and only if h(a) isa 
fixed point of g. 


If the conjugating function h is required to be one-to-one and entire, then 
it must in fact be of the form h(z) = az + b, where a £0. This is because 
any polynomial of degree at least 2 is not one-to-one, and if h is entire but 
not a polynomial, then h(1/z) has an essential singularity at 0, in which 
case the Casorati-Weierstrass Theorem (Theorem 3.3 of Unit B4) implies 
that h(1/z) is not one-to-one on C — {0}, so h is not one-to-one on C. 


Exercise 1.8 


Prove that the iteration sequence 
Zn+1 E ee Ty OM, E 

is conjugate to the iteration sequence 
Un41 =wA+qG, n=0,1,2,..., 


with conjugating function h(z) = —z + 5: Determine wo when zp = Z. 
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Exercise 1.9 


(a) Prove that the iteration sequence 
Znt1 = 4%, +6, n=0,1,2,..., 
where a Æ 1, is conjugate to the iteration sequence 
Wnt] =AWn, n=O0,1,2,..., 
with conjugating function h(z) = z+ b/(a — 1). 
(Note that you considered the case a = 1 in Exercise 1.3(a).) 
(b) Hence obtain a formula for zn in terms of zo, and describe the 


behaviour of the sequence (zn) when 
(i) jal<1, (ti) Jal =1,a41, (ïi) Jal > 1. 


1.4 The Newton—Raphson method 


This subsection is intended for reading only (it will not be assessed), and 
Exercises 1.10 and 1.11 are optional. 


We will now see how the ideas introduced so far help with analysing the 
Newton—Raphson method, described briefly in the Introduction. Let p be a 
complex polynomial function. Then the corresponding Newton—Raphson 
iteration sequence is 


Zn+1 = 2n — P(e) nm =0,1,2, 60%. 

p' (zn) 
This recurrence relation shows that (z,,) is an iteration sequence obtained 
by iterating the function 

p(z) 
Na) = #7? 
which is known as the Newton—Raphson function of p. In general, N is 
a rational function (unless p is of degree 1). If p/(a) = 0, then we define 
N(a) = oo. Also, we can extend N to C = CU {oo} in the manner 
described in Subsection 1.3 of Unit C3. Thus a Newton—Raphson iteration 


sequence may include oo among its terms. 


A key observation is that if œ is a simple zero of p, then p'(a) Æ 0 (see 
Subsection 5.1 of Unit B3), so N(a@) = a. Thus a is a fixed point of N. To 
classify it, we evaluate N’(a): 


(p'(a))? — pla)p" (a) 


O; 
=1- — (since p(a) = 0) 
= 0. 


Thus a simple zero a of p is a super-attracting fixed point for the 
Newton—Raphson function N. This is good news because it implies that 
the Newton—Raphson method always converges rapidly to a simple zero a 
of p provided that our initial guess is close enough to a. 
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watershed 


If a is a zero of p of order k, where k > 1, then it can be shown that a is a 
fixed point of the function N such that 


N'(a) =1-1/k <1, 


so the Newton—Raphson method still works, but not so well; you can 
investigate this if you wish in Exercise 1.11. 


In 1879 the English mathematician Arthur Cayley (1821-1895), who is well 
known for his pioneering work in group theory and linear algebra, decided 
to analyse the Newton—Raphson method when p is the quadratic function 


p(z) = 27 +az+b, where a,b €C. 


Suppose that the function p has distinct zeros at œ and 8, say. Then these 
zeros must be simple, so œ and ( are super-attracting fixed points of the 
Newton-Raphson function N. By Theorem 1.1, there are open discs 
centred at a and 8 whose points are attracted to a and £, respectively, 
under iteration of N. 


Cayley wanted to know which points in C are attracted to a under 
iteration of N, and which are attracted to 8. In other words, what are the 
basins of attraction of œ and 8 under N? Cayley found that the answer is 
remarkably simple: the perpendicular bisector of the line segment joining 
a and 8 forms a ‘watershed’ for this iteration process (see Figure 1.6). If 
zo falls on the same side of the watershed as a, then N"(z)) > a as 


Figure 1.6 Basins of 
attraction of a and 8 


100 


n —> co, but if zo falls on the other side, then N” (z0) > 8 as n > oo. If z 
falls exactly on the watershed line, then the sequence (N”(z0)) remains on 
the line! 


The Newton-Raphson function for p(z) = 2? + az + b is 


p'(z) 
z? +az +b 
2z +a 

O z? —b 

Dea a” 
but from this it is not at all evident why Cayley’s result should be true. 
However, we obtain a much simpler iteration sequence by using the 
conjugating function 

zZ-a 


hlz) = me 


This function h is a Mobius transformation, which, when using the 
conventions of Unit C3 (see Subsection 2.1 of Unit C3), is a one-to-one 
function from C onto C, and maps a to 0 and 8 to oo. Also, h has the 
remarkable property that 


h(N(z)) = (h(2))? (1.5) 


(see Exercise 1.10). 
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Now define g(w) = w?. Then equation (1.5) is equivalent to the equation 
g(z) = h(N(h-1(z))), that is, g = ho Noh, which implies that 


mti =N) WHOL, 2 eci 
and 
pit = glun) =w, n=0,1,2,..., 
are conjugate iteration sequences with conjugating function h. 
Now, we know from Example 1.3(b) that 
Wn > 0 as n—> œ, if |wo| <1, (1.6) 
and from Exercise 1.4(d) that 
Wn > œ as n—> œ, if |wo| > 1, (1.7) 


and it is clear that the sequence (wn) remains on the circle {w : |w| = 1} if 
|wo| = 1. 
To find out what happens to the original sequence (zn), we note that 


h- (wp) =m, bh 1(0)=a, hoo) = B, 


and 
£0 — @ 


|wol = |h(20)| = |> BI 


Therefore we deduce from properties (1.6) and (1.7) that 


In > aasn—> œ, if|z—al <|z- Al, 
that 
Zn > b as n= œ, if |zo -a| > |zo — £l, 
and also that (zn) remains on the extended line 
{z : |z -a| = |z — £|} U {oo} 


if zo is on this line. 


This is Cayley’s remarkable solution. 


Exercise 1.10 


Prove that h(N(z)) = (h(z))?, where 
— 2 b 
he) = and N(@) = 5 


(Hint: Note that z = a and z = $ satisfy the equation z? = — (az + b).) 


Exercise 1.11 


Describe what happens under iteration of the function N if a = £. 
(Hint: Use the result of Exercise 1.9(b)(i).) 
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Figure 1.8 The watershed for 
Newton—Raphson iteration 
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Finally, we look briefly at the Newton—Raphson method for cubic 
polynomial functions. Here you might guess that the complex plane 
divides itself into three simple regions, each surrounding one zero of p and 
consisting of those points that are attracted to that zero under iteration of 
the Newton—Raphson function N. This seems to have been Cayley’s hunch 
in 1879, although he was unable to prove such a result. With the help of 
computer-generated pictures we can now see why Cayley had no chance of 
finding a simple solution to this problem! 


Consider p(z) = 23 — 1, whose zeros are 
a=1, ag =e = 3(—1 +iV3), a3= eih — 5(-1 —iv3). 
In this case, 
z23—1 
327 
22 +1 
Bz? 


N(z)=2- 


and a 1, Q@2,a3 are super-attracting fixed points of N, since they are simple 
zeros of p. Figure 1.7 shows in white the basin of attraction of the fixed 
point a; = 1. 


Figure 1.7 The basin of attraction of 1 for N, in white 


The basins of attraction of a,,a2,a3 must be congruent to each other 
under rotation about 0 through 27/3 because of the symmetry 

of a1, @2,a3. But these basins are not at all simple, and they are not even 
regions (because they are not connected). The union of these three strange 
basins is almost the whole of C. In addition, there is a complicated 
‘watershed’ which separates the basins of attraction (see Figure 1.8) and 
which manages, somehow, to be the boundary of all three sets 
simultaneously! 


1 


Thus the iteration of even fairly simple rational functions can lead to very 
complicated behaviour. In the next three sections we find that such 
behaviour can occur even for the iteration of simple polynomial functions, 
and we return to the Newton—Raphson method in Section 5. 


Further exercises 


Exercise 1.12 


Calculate and plot the terms 20, 21, 22, z3 for each of the following iteration 
sequences, and write down the corresponding function f. 
(a) Cait =4en, SoH 22 (b) Zn+1 = 2zn(l — 2); 20 = 4 

Zn 
Zn +1? 


zo = 4(-1+i) 


(c) Zn+1 = 


Exercise 1.13 


Find all the fixed points of each of the following functions, and classify 
them as attracting, repelling or indifferent, identifying any attracting fixed 
points that are super-attracting. 


(a) f(zj)=z—-2? (b) f(z) =22(1-2z) (©) F(z) = 2? -2 


Exercise 1.14 


Prove that any iteration sequence of the form 
Zn+1 = 2zn(l — zn), n=0,1,2,..., 


is conjugate, using the conjugating function h(z) = 1 — 2z, to one of the 
form 


2 
pia Swe m= Os, 2s os 


Hence obtain a formula for z, in terms of zo. 
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lterating complex quadratics 


After working through this section, you should be able to: 


conjugate a given quadratic iteration sequence to one determined by a 
member of the family of functions {P.:c € C}, where P.(z) = 27 +c 


explain why P? (zo) > oo as n > œ if |zo| is large enough 

describe some of the properties of the escape set Ee of P., and of its 
complement, the keep set Ke 

find the periodic points of P., for certain values of c, and classify their 
type 

understand the definition of the Julia set Je. 


2.1 The basic quadratic family 


In Section 1 we saw that given any iteration sequence of the form 


zni = AZ, +b, n=0,1,2,..., (2.1) 


where a,b € C, we can describe the behaviour of (zn) for any initial 
term zo. In this section we begin to study iteration sequences of the form 


Zn41 = 022 +bzn +c, n=0,1,2,..., (2.2) 


where a,b,c € C and a Æ 0. We will find that the family of such sequences 
is much more diverse than that given by (2.1). To begin with we note that 
every iteration sequence of the form (2.2) is in fact conjugate to one of a 
simpler type. 


Theorem 2.1 


The iteration sequence 
zi =a Honte m= ppe; 

where a # 0, is conjugate to the iteration sequence 
a =w bh m= 0, 1 

where d = ac+ 5b — 10°. The conjugating function is 


h(z) = az + 5b. 


Proof We multiply the recurrence relation (2.2) by a and complete the 
square to obtain 


žni = (azn + ip) +ac— 4b”, VOD. tei 


Thus, putting wn = h(zn), for n = 0,1,2,..., where h(z) = az + 5b, we 
obtain 


2 172 
Wn41 — 50 = we +ac— 4b’, n=0,1,2..083 


2 


that is, 

Wn+1 =w? +d, n=0,1,2,..., 
where d = ac+ 5b — +0", as required. D 
There are many different iteration sequences of the form (2.2) that are 


conjugate to any one iteration sequence of the form wn+1 = w2 +d. This is 
illustrated in the following exercise. 


Exercise 2.1 
Use Theorem 2.1 to show that each of the following iteration sequences is 
conjugate to the iteration sequence 
Wn41 = we—-2, n=0,1,2,..., with wo =0. 
(a) Sac = 4zn(l— 2n), n=0,1,2,..., with æ = ż 
(b) pag = 1-222, n=0,1,2,..., with zo = 0 


Theorem 2.1 tells us that if we wish to understand the possible behaviour 
of quadratic functions under iteration, then it is sufficient to consider only 
those of the form wn+1 = w2 + d, and it is convenient to relabel these as 


2 
Bnr See, N= 051; 2y255 


where c is a complex parameter. We will devote most of the rest of this 
unit to such iteration sequences, and so we introduce a name for the 
corresponding quadratic functions. 


Definition 
Functions of the form 
P,(z)=2z2+¢, where cé€C, 


are called basic quadratic functions. 


For example, Po(z) = 22, Pi(z) = 22 + 1 and P,(z) = 2? + i are all basic 
quadratic functions. In the following exercises we ask you to establish 
some elementary properties of the basic quadratic functions. 


Exercise 2.2 


(a) Determine the rules for the functions P? and P3. (Recall that P? 
denotes the nth iterate of P..) 


(b) Write down a formula for P?*!(z) in terms of P”(z), and hence prove 
that P” is an even polynomial function of degree 2”. 
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Exercise 2.3 


(a) Show that the fixed points of P, are $ + 4/4 — c, and prove that if 
CF i then at least one of these fixed points is repelling. 


(Hint: Recall that yz denotes the principal square root of z.) 


1 


(b) Determine how many fixed points P, has when c = 3, and classify 


their type. 


2.2 The escape set and the keep set 


In Example 1.2(b) we found the iterates of the function Po(z) = z?. We 
saw that the iteration sequence 


zn = Po (o) WHO Bess 
can be determined explicitly as 


n 
Zn =z , forn=0,1,2,.... 


Thus 
Zn + 0 as n > oo, if |z| < 1, 
Zn —> CO aS n —+ œO, if |zo| > 1, (2.3) 
lzn|=1, forn=1,2,..., if |zo| =1. 


It is natural to ask whether similar behaviour occurs for other values of c. 
We will see later that when the initial term zp is small, the sequence 

zn = P?(z0), n=1,2,..., behaves in dramatically different ways for 
different values of c. However, when the initial term zo is large, the 
sequence behaves in essentially the same way for all values of c, as we now 
show. 


Theorem 2.2 

Let re = 5 +4/¢ + |c|. Then, for |zo| > re, 
|P2'(z0)|, 2 =0,1,2,..., 

is an increasing sequence, and 


P? (z0) > œ as n > oo. 


Proof First note that, by the backwards form of the Triangle Inequality, 


S |P-(z)| = |2? + c| > |2]? — |e. (2.4) 
The number re is the positive solution of the equation z? — |c| = x (as 
Figure 2.1 The graphs shown in Figure 2.1). We claim that if € > 0, then 
y = x? — |c| and y = z intersect 5 
auar x“ — |e| > (1+e)z, for x> re+e. (2.5) 
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Indeed, if x > re + e€, then 
g =le] Ic| 
= = T- — 


T£ T 


C 
sterg 


Te +E 
r2 + 2r + e? — |e] 
Tore 
re + 2reE + e? . 2 
= ————._ (since rý — |c| = re) 
Pate 
2 
Tae FTE FEFE ; 
> T (sincere > 1) 
Toe FE 
=e, 


as required for inequality (2.5). Inequalities (2.4) and (2.5) now give 


|Pe(z)| = a e e E |z| > rete. 
If |zo| > re +£, then we can apply this inequality successively to z0, P.(z0), 
P?(zp),..., to deduce that the sequence |P"(zo)|, n = 0,1,2,..., is 
increasing, and 

|P?(zo)| > (1 +e)"|zo|, for n = 0,1,2,.... 
Hence P”(z0) —> œ as n > oœ. 


We have now established the theorem for any initial term zo with 
|zo| > re+ e. Since £ is any positive number, we see that the theorem holds 


for |zo| >€. m i 

i ae e l eho le 
The formula re = 5 + 4/3 + lc| will play a significant role later in the unit. 
We indicate in Figure 2.2 the graph of the function |c| +> re, together lcl > re 


with the graph of the identity function |c| —> |c| for comparison. Notice, 
in particular, that 1 


lel Ere le] 2 


| 

| 

| 

2 lel 
Remarks 


Figure 2.2 The graph of 
1. If c = 0, then re = 1, so P? (zo) —> 00 as n > œœ, whenever |zo| > 1, i aed 


ig Ji 
which is the middle line of properties (2.3). re=atV/atlel 


2. Theorem 2.2 can be interpreted as saying that oo is an attracting fixed 
point of the quadratic function Pe. To discover the nature of this fixed 
point, we can use the conjugating function h(z) = 1/z, which moves the 
fixed point from oo to 0. By this means, the iteration sequence 


2 
teil =z +e, Wo 0,1, 2).~, 


is conjugate to the iteration sequence (wn) where 


1 iY 
= (+) +e n=0 L2 


Wn+1 Wn 
that is, 
2 
m 
Wa = == RS Od e 


1+ cw2’ 
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Figure 2.3 The escape set Eo 
and keep set Ko 
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The corresponding function Qe(w) = w?/(1 + cw) has a fixed point 
at 0, which is super-attracting. In this way oo can be considered to be a 
super-attracting fixed point of P}. 


Exercise 2.4 


(a) Verify that 
ro=1, r= 4(1+ V5) and r_2=2. 


(b) Show that the sequences (Pj'(1)) and (P",(2)) are both constant. 
What do these sequences tell you about the values rg and r- in 
relation to Theorem 2.2? 


We now investigate the set of all points that are attracted to oo, or ‘escape’ 
to oo under iteration of P}. We call this set the escape set; its complement 
turns out to be the set of points that we ‘keep’ under iteration of P.. 


Definitions 
For c € C, the escape set of P, is 


E: = {z : P?(z) => œ as n> co}. 


The complement of Ee is denoted by Ke and is called the keep set. 


Remarks 
1. The escape set Ee can be thought of as the basin of attraction of oo. 


2. The names ‘escape set’ and ‘keep set’ are chosen here for convenience. 
For a general entire function f, the set of points that escape to co under 
iteration of f is usually called the escaping set of f, and it is an object 
of current research interest. There is no standard name for the 
complement of the escaping set of an entire function. 


For an example of an escape set and a keep set, we know by 
properties (2.3) that 
Eo = {z : P3 (z) = 2?” — oo as n > oo} 
= {z:|2| > 1}, 
and hence that 
Ko = C — Eo 
= {2+|2|< 1} 
The sets Eo and Ko are illustrated in Figure 2.3. 


This example is rather misleading since for most values of c, the escape 
set Ee does not have a simple shape. Figure 2.4 shows several examples of 
sets Ee and Ke. 
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1 
0 
—1 
—2 =l 0 1 2 2 
(a) (b) (c) 
Figure 2.4 The escape set E. (white) and the keep set Ke (blue) for (a) c = 1, (b) c = i, (c) c = —1 
In fact, c = —2 is the only value other than c = 0 for which E, and Ke 
have simple shapes. We now ask you to investigate this case. 
Exercise 2.5 
Let L be the line segment {x + iy: |x| < 2, y = 0}, which is the closed 
interval [—2, 2] on the real axis. 
(a) Let 
Sasi =z — 2, w=0,1,2,.... 
Prove that 
(i) if zo E L, then z, E L, for n = 1,2,... 
(ii) if zo E€ C -— L, then zn € C — L, for n = 1,2,. 
A 
(b) Prove that if zọ € C — L, then the sequence (zn) in part (a) is 
conjugate to an iteration sequence of the form z 
—2 
2 
Wnt =W n=0,1,2,..., 
nr n Ka 
and deduce that zn — œ as n > œ. So 
(Hint: Recall from Theorem 3.1 of Unit D1 that the restriction of the 
Joukowski function J(w) = w + 1/w to {w : |w| > 1} is a one-to-one 
conformal mapping onto C — L. Put wn = J~!(zn), for n = 0,1,2,..., 


and verify that J(w = J(w?). 
(wna) (wn)-) : Figure 2.5 The escape set 
(c) Deduce that E- = C — L and K- = L (see Figure 2.5). Baand kepet Ks 


Though the set Eo is usually very complicated, a number of general 
observations can be made about it. For example, we can show that Ee has 
the property of being completely invariant under P.. 


Definition 
A set A is completely invariant under a function f if 


zE A => f(z)EA. 
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For example, it is easy to check that each of the sets C, {0}, C — {0}, 
{z: |z| < 1}, {z: |z| =1} and {z : |z| > 1} is completely invariant under 
the function f(z) = 2. 


If A is completely invariant under f and z € A, then f(z) and all its 
iterates also lie in A and, moreover, any point whose iterates eventually lie 
in A must itself lie in A. 


The following result lists several key facts about Ee and Ke. 


Theorem 2.3 


For each c € C, the escape set Ee and the keep set Ke have the 
following properties: 


a) Jae 2 122 lel > ro amd Ke E 1z: hA < re) 

b) Eec is open and Ke is closed 

Cte C aml Kez Ø 

d) Ec and Ke are each completely invariant under P, 


) 
) 


e 
f 


E: and K. are each symmetric under rotation by m about 0 


( 
( 
( 
( 
( 
(f£) Ee is (pathwise) connected and Ke has no holes in it. 


Remarks 


1. Each of these properties of Ke is equivalent to the corresponding 
property of Ee. Thus we need only prove the results for Ee. 
2. Properties (a) and (d) tell us that if z € Ke, then |P"(z)| < re, 
forn =1,2,.... 
3. Properties (a), (b) and (c) tell us that Ke is a non-empty compact set. 
4. Property (e) says that z E€ Ee — = -z E Ee and z E€ Ke => =z E€ Ke. 
5. Recall from Subsection 4.3 of Unit A3 that a set is said to be (pathwise) 


connected if each pair of points in the set can be joined by a path lying 
in the set. 


6. The statement in property (f) that Ke has no holes can be expressed 
formally as ‘Ke is simply connected’; this concept was introduced for 
regions in Subsection 1.1 of Unit B2, but here it applies to the closed 
set Ke. The proof of property (f) is challenging and may be omitted on 
a first reading. 


Proof 
(a) We have already proved part (a) in Theorem 2.2. 


(b) Suppose that zo € Ee. Then, by definition, P” (zo) oo as n > oo. 
Thus, for some no, |P?°(z0)| > re. 


Let € = |P?°(zo)| — re. Since £ > 0 and P”° is a polynomial function, 
P®° is continuous at zo, so there exists ô > 0 such that 


|z = z| <6 = |P (2) — P (20)| < €, 
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and hence P% (z) 
z= z| <8 => |P(z)| > re t dia 
/ 
(see Figure 2.6). It follows from Theorem 2.2 that le P™ (zo) 


z— z| <8 => PP(z) € Ee, 


SO 


z— z| <ô = P? (z)—> œ asn —> oœ. 


Hence {z : |z — zo| < 6} C Ee, which shows that Ee is open. 


The set Ee is not the whole of C because it does not contain the fixed 


. : : Sk Figure 2.6 ‘The disc 
point(s) of P., found in Exercise 2.3. (These must lie in Ke.) 


{z : |z — P?°(z9)| < e} lies 
We ask you to prove part (d) in Exercise 2.6. outside the circle {2 : |z| < re} 
Since 

Pè (—2) = P? (2), 


because P” is an even function 


forn =1,2,..., 
(by Exercise 2.2(b)), we have 


Pi(-z) > œ => P?(z)> oœ, 


so 
=z € Ee == z € Fe. À 
Finally, we show that the escape set Ee is (pathwise) connected, that A 
is, each pair of points in Ee can be joined by a path lying entirely in P” ON í 
Ee. Since the set A, = {2 : |z| > re} is connected and A, C Ee, it is A N 
sufficient to show that each point a in Ee can be joined to some point 7 | N \ 
; A ee / aN \ 
of A, by a path in Ee. We prove this by contradiction. 1 ee l } 
f . : ee \ í 
Suppose in fact that a is a point of Ee that cannot be joined to the \ = ) j fe 
set Ae by a path in Ee. We define the set N e A 
\ 
R = {z € Ee : z can be joined to a by a path lying entirely in Ee}, > | a 
illustrated in Figure 2.7. Then R 4 Ø (because a € R), R is open 


(because if z can be joined to a in Ee, then so can points of any open 
disc in E, with centre z, and such a disc exists since Ee is open), 

and R is connected (because pairs of points in R can be joined in R 
via a). Thus œR is a region and R C Ee. Since a cannot be joined 

in R to any point of Ae, we deduce that no point in R can be joined 
in R to any point of Ae, since R is connected. We deduce that 

R C {z: |z| < re}, so R is bounded. 


We can now use the Maximum Principle (Theorem 4.2 of Unit C2). If 
z € OR, then z does not lie in Ee (otherwise, we could enlarge R 
slightly, since Ee is open). Thus if z € OR, then 


[Pe (2) < Te, 


Figure 2.7 The sets 
Ae = {z : |z| > re} and R 


form = 1, 2 ess 


By applying the Maximum Principle to each of the polynomial 
functions P? on R, we see that if z € R, then 


PINS ta tora 1,2... 
which contradicts the fact that R C Ee. Hence Ee is (pathwise) 
connected. = 
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Figure 2.8 P_, interchanges 
the points 0 and —1 
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Exercise 2.6 


Prove part (d) of Theorem 2.3. 


2.3 Periodic points 


Figure 2.4 shows that the keep sets Ke have remarkably diverse forms. In 
order to investigate the shape of Ke, we need to identify as many points 
in Ke as possible. We already know from Exercise 2.3(a) that the fixed 


points of P. are $ + 4/ t — c, and these lie in Ke. We can find other points 
of Ke by generalising the notion of a fixed point. 


As an example, consider the function P_,(z) = z? — 1, whose two fixed 
points ¿(1 + v5) must lie in K_,. In addition, the points 0 and —1 have 
the property that 


P=- and Pais (2.6) 


(see Figure 2.8). Thus the sequence (P",(0)) cycles endlessly between the 
points 0 and —1, as does the sequence (P",(—1)). So 0 and —1 must both 
lie in K_,. Using the fact that K_, is symmetric under a rotation by 7 
about 0 (by Theorem 2.3(e)), we can begin to build up a picture of K_, 
(see Figure 2.9). This is very far from the complicated set in Figure 2.4(c), 
but at least it is a start! 


Figure 2.9 Some points in K_, 


The fact that 0 and —1 satisfy equations (2.6) can be interpreted as saying 
that 0 and —1 are both fixed points of the second iterate 
P? (2) =P 4(¢ -— 1) 
= (z2 —1} 1 
= 2 — 22. 
Indeed, it is evident that P?,(0) = 0 and P?,(—1) = —1. 
Points of this type, which are fixed points of some higher iterate of a 


function f, are called periodic points of f: they repeat periodically under 
iteration of f. 
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Definitions 
The point a is a periodic point, with period p, of a function f if 


f?(a) =a, but f*(a) # a, fork=1,2,...,p—1. 


The p points fP-(a) 4 o f(a) 
2 = 
a, fla), J?a), -.., PPa) a oy 
then form a cycle of period p, or a p-cycle, of f. Sea e7’ fla) 
f(a) 
A p-cycle of f is illustrated in Figure 2.10. Figure 2.10 A p-cycle of f 


Remarks 


1. The definition states that the period p is the smallest positive integer 
such that f?(a) =a. 

2. Note that if we apply f repeatedly to any point of a p-cycle, then we 
always obtain other points of the p-cycle, each of which is a periodic 


point with period p. Also, the points of a p-cycle must be distinct. For 
if we had 


Ela) = fla), where 0<k<£< p, 
then it would follow that 
a = fP(a) = fP (S a)) = FPE (a) = Pa), 


which is a contradiction, because 0 < p — + k < p. Therefore the 
points of a p-cycle are each distinct periodic points of f with period p. 


3. A fixed point of f is a 1-cycle of f. 


4. Any periodic point a of P, lies in the keep set Ke, since the sequence 
(P? (a)) takes only finitely many values. 


Determining the periodic points with period p of a given function f, for a 
given p > 1, is usually more difficult than determining the fixed points 
of f. This is because the equation 


f(z) =z (2.7) 


usually has many more solutions than the equation f(z) = z, and the rule 
for f? is usually more complicated than the rule for f. Notice, however, 
that not all solutions of equation (2.7) need to be periodic points with 
period p. For example, any fixed point of f also satisfies equation (2.7). 
More generally, if q is a factor of p, then any solution of f(z) = z is also a 
solution of f?(z) = z. 
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e2rt/3 


e4Ti/3 


Figure 2.11 A 2-cycle of Po 
and two 1-cycles 
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Example 2.1 


Determine all periodic points with period 2 of the function 
Po(z) = 2”, and write down the corresponding 2-cycles. 


Solution 
Since P?(z) = (2?)? = z+, we have to solve the equation z* = z: 


z =z 4> A-2=0 


A = 1) =0. 
The solutions of this quartic equation are 0, 1, e27'/3 = 3(-1 + ivV3) 


and e477/3 = $(—1—iV3). Of these, the points 0 and 1 are fixed 
points of Po, whereas 


Per) aks (EP ze eft /3 
and 
Pe} = (Ce 2 e87i/3 = e2tt/3_ 


Hence both e27*/3 and e47*/3 are periodic points of P) with period 2, 
and they belong to the 2-cycle e27/3, 47/3, 


Note that, as expected, the 2-cycle found in Example 2.1 lies in the keep 
set Ko = {z: |z| < 1} (see Figure 2.11). 


Exercise 2.7 


(a) Prove that —i is a periodic point with period 2 of the function 
P;(z) = 22+ i. Hence find five points in K;, none of them fixed points 
of P;, and plot them. 


(Hint: To find three points, use properties of the set Ke from 
Theorem 2.3. Also, note that the set K; was plotted in Figure 2.4(b).) 


(b) Determine all periodic points with period 3 of the function 
Po(z) = 2’, and write down the corresponding 3-cycles. Plot all the 
fixed points, 2-cycles and 3-cycles of Po on the same diagram. 


(c) Prove that 5(-1 + v2) is a periodic point of Psa. 


We now return to the function P_,(z) = z? — 1. We saw in equations (2.6) 
that P_; has the 2-cycle 0,—1; that is, 0 and —1 are fixed points of the 
second iterate 


PG) H=2 = 22, 


and they are not fixed points of P_;. Since 
(P?,)'(z) =422 — 4z 
= 4z(z* — 1), 


2 


it follows that 


(P2,)'(0)=0 and (P2,)/(-1) =0, 


so both 0 and —1 are super-attracting fixed points of P?,. The fact that 
these two derivatives have the same value is no accident, as the following 
theorem shows. 


Theorem 2.4 


Let a, f(a), f2(a),..., f?-1(a) form a p-cycle of an analytic 
function f. 


(a) Then the derivative of fP at a satisfies 


(f?)'(a) = f(a) x f’(F(a)) x fF? (a)) x x FFP (a), 


and hence the derivative of f? takes the same value at each point 
of the p-cycle; that is, 


(PY a) = (FP) (F(a) = (PY a) = = (FP FP). 


(b) Let g=ho foh!, where h is a one-to-one analytic function, 


and let 6 = h(a). Then 8, 9(8), 97(8),...,g? 1(B) is a p-cycle 
of g, and 


(9?)'(B) = (f?)'(). 


Proof 


(a) 


Since f?(z) = f(f(--: (f(z))---)), where the function f is 
applied p times, we deduce from repeated applications of the Chain 
Rule (Theorem 3.1 of Unit A4) that 


(PY (z) = P) x x PF (2)) x FR). 
Hence 

(f?)'(a) = fila) x f'(F(a)) x + x FFP (a). 
Thus (fP) (œ) is the product of the derivatives of f at the points of 
the p-cycle, so (f?)'(f(a@)) is also the product of the derivatives of f 
at the points of the p-cycle, and similarly for the derivatives of f? at 
the other points f?(a),..., f?~'(a). Hence (fP) takes the same value 
at each point of the p-cycle. 
First note that g and f are conjugate functions with conjugating 
function h, so 

g"(w) =h(f"(h-"(w))), for w eC, n=0,1,..., 


since 


g” =(hofoh™)o(hofoh)o---o(hofoh")=ho froh. 


Hence 8 = h(a) is a periodic point of the function g of period p, since 
P(B) = h(fP(h~*(8))) = ACF? (a)) = h(a) = 8, 
and g*(8) # B, for k =1,2,...,p—1. 
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Since g?(w) = h(f?(h~'(w))), f?(a) = a and a = h™} (8), we deduce 
by the Chain Rule that 
(PY (B) = h'(f?(h™(8))) x (PY (A B)) x (A=B) 
= K (fP (a)) x (FP) (a) x (hY) 
= W (a) x (FP) (a) x (h=) (B). 


Now (h~*)!(8) = 1/h'(a), by 
of Unit A4), so (g?)’(8) = (f 


he Inverse Function Rule (Theorem 3.2 
P)'(a), as required. a 


ot 


Theorem 2.4(a) allows us to classify the periodic points of an analytic 
function f by using the number (f?)'(@), which is called the multiplier of 
the corresponding cycle. We will see shortly that different types of cycle lie 
in different parts of the keep set. 


Definitions 


Let a be a periodic point with period p of an analytic function f. 
Then a and the corresponding p-cycle are 


e attracting if |(f?)'(a)| <1 

e repelling if |(f?)/(a)| >1 

e indifferent if |(f?)'(a)| =Í 

e super-attracting if (fP?) (a) = 0. 


Remarks 


1. These four types of periodic points generalise the corresponding types of 
fixed points introduced in Subsection 1.2. Once again, note that 
super-attracting is a special case of attracting. 


2. Theorem 2.4(b) shows that the type of a periodic point is preserved 
under the operation of conjugacy by a one-to-one analytic function. 


In the next example we demonstrate two ways to calculate a multiplier. 


Example 2.2 


Classify the periodic point e?7/3 of Po(z) = 2. 


Solution 
In Example 2.1 we found that e?7'/3 is a periodic point, with period 2, 
of the function Po. Since P}(z) = z* we have (P?)'(z) = 4z3, so the 
multiplier is 

PIECA = ME 2n 
Hence |(P}) (e 5> 1, s e?Ti/3 is a repelling periodic point of Pp. 


2 Iterating complex quadratics 


Alternatively, the point e2%/° is part of the 2-cycle e27/3, e4%/° for 
the function Py. Thus, by Theorem 2.4(a), the multiplier of the 
2-cycle e Te e miis 

IR A E = Cee er) = 4, 


since P}(z) = 2z, as before. 


The second method avoids the calculation of the rule for the pth iterate, 
which can often be complicated. 


Exercise 2.8 


Classify each of the following periodic points, found in Exercise 2.7. 
(a) —i, a periodic point of P; 

(b) 27/7, a periodic point of P) 

(c) 5(—1 + v2), a periodic point of Psa 


We now look more closely at where the periodic points of P, lie in Ke. As 
an example, recall that the function P_,(z) = z? — 1 has fixed points at 
3(1+ V5), which are both repelling because P’ (z) = 2z, so 


|P.(40+¥V5))|=1+V5>1 and |P,(40-—V5))|=v5-12>1. 


Also, we saw before Theorem 2.4 that P_; has the super-attracting 
2-cycle 0,—1. In Figure 2.12 these four points are plotted, together with 
an image of the boundary Kı of Kı. 


1 


0.5 


—0.5 


—2 —1 0 1 2 


Figure 2.12 The points $(1 + v5) on OK_, and the points 0, —1 in int Kı 


This picture suggests that the repelling fixed points 5(1 + v5) lie on the 


boundary of K_;, whereas the super-attracting 2-cycle 0,—1 lies in the 
interior int K_, of Kı. 
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In fact, the following general result holds. (The definitions of interior point 
and boundary point are given in Subsection 5.1 of Unit A3.) 


Theorem 2.5 


Let a be a periodic point of the function P.. 


(a) Ifa is attracting, then a is an interior point of Ke. 


(b) If a is repelling, then a is a boundary point of Ke. 


Proof 


(a) 


Suppose that œ is an attracting periodic point of P, with period p. 
Then a is an attracting fixed point of the pth iterate P?. Hence, by 
Theorem 1.1, there is an open disc with centre a whose points are 
attracted to a under iteration of P?. Therefore the points of this open 
disc do not escape to oo under iteration of Pe, so they must all lie 

in Ke. Hence qa is an interior point of Ke. 


First suppose that a is a repelling fixed point of P., so 
P.(a)=a and |P2(a)| > 1. 


Since a € Ke, we need to show that a is not an interior point of Ke, 
which will imply that a € 0K,. But if a were an interior point, then 
we could choose an open disc {z : |z— a| < r} lying in Ke. In that case 


P¥(z)€ Ke, for |z—a| = r andn=1,2,..., 


by the complete invariance of K., Theorem 2.3(d). Hence 


|P? (2| < re=4+4/4+lc, for |z-—a| = $r andn=1,2...., 


by Theorem 2.3(a). Now we apply Cauchy’s Estimate (Exercise 3.3 of 
Unit B2) to the first derivative of each of the polynomial functions P” 
to deduce that 


(Pry (a)| < = =, forn=1,2,.... (2.8) 


On the other hand, by the Chain Rule, 

(PSY (a) = PAPE (a) x +++ x Pe(Pe(a)) x Pila) 

=(P", 

since, by assumption, a is a fixed point of P.. Because |P!(a)| > 1, 
this implies that the sequence 

(Pey (a)| = Pila)", n= 1,2,..., 
tends to oo, contrary to estimate (2.8). Thus a is not an interior 
point of Ke after all, soa € OK¢. 


If a is a repelling periodic point of P, with period p > 1, then a similar 
argument applies (with P? rather than P.); we omit the details. | 


2  Iterating complex quadratics 


Remarks 
1. Notice in part (a) of Theorem 2.5 that each point of the cycle 
Q, P.(a), P? (a); Kaa Pr (a), 
is an attracting periodic point of P. with period p, by Theorem 2.4(a), 
so each point of this cycle is an interior point of Ke. The effect of P, is 
to map any point z near a to a point P.(z) near P.(a), and so on, 
round and round the cycle; see Figure 2.13. 


-—-~ 


a ‘N P. 
Zpp-1 
fe) a> 


\ PP (a) y 
7 
Pef Sa ey: 
i>. a JSA 
/ PPY \ i Pele) \ 
PP(z) +e ea | I ° 
\ pN j 2 
Yale , goers, À e P2(z)/ 
i. 1 p” 1P ) ` Ne I 
cle ae 
pee) [PALEE IR 
Pila) a Fela / 
Sa aal 


Figure 2.13 Images of a point z under an attracting p-cycle of P., 


Since the sequence z, P? (z), P??(z),... tends to a in the first (shaded) 
disc, it follows that the sequence 


P.(2), PP H(z) PPTI). a 


tends to P.(a@) in the second disc, by the continuity of P, at a, and 
similarly in the subsequent discs. 


In this way the sequence (P”"(z)) splits into p convergent subsequences, 
each converging to a point of the attracting p-cycle. In fact, it can be 
shown that every interior point of Ke is attracted in this way to the 
same attracting p-cycle; see Figure 2.14, which shows an interior 

point zo of K_, being attracted to the super-attracting 2-cycle 0, —1. 


Figure 2.14 The set OK_; and the sequence zn = P”; (z0), n=0,1,... 
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2. If we know that the set Ke has no interior points for a given value of c, 
then Theorem 2.5(a) tells us that P, can have no attracting periodic 
points. For example, you saw in Exercise 2.5 that 


K_ = {x + ty: |x| < 2, y =O}, 


a set which has no interior points, so we deduce that P_2(z) = 2? — 2 has 
no attracting periodic points, a fact which is not immediately obvious! 


3. In view of Theorem 2.5 it is natural to ask where in Ke do any 
indifferent periodic points of P, lie. The answer is that it depends on 
the nature of the multiplier of the periodic point in an extremely 
complicated way: some periodic points lie on OK, and some lie in the 
interior of Ke. 


2.4 The Julia set 


This subsection is intended for reading only (it will not be assessed). 


We saw in the previous subsection that the boundary of the keep set Ke 
(which is also the boundary of the escape set FE.) contains all the repelling 
periodic points of P.. This boundary is of interest because it forms the 
‘watershed’ between those points that escape to oo under iteration of P} 
and those which are kept (see Figure 2.15). It is called the Julia set of Pe, 
in honour of the French mathematician Gaston Julia who first studied it in 
detail. 


1 1 
0 0 
—1 —1 
—2 =] 0 1 2 —2 -1 0 1 2 


Figure 2.15 For c= —0.5 + 0.5i, (a) the keep set AK. and (b) the Julia set Je 


Definition 
The Julia set Je of P, is the boundary of Ke. 


Here are two examples of simple Julia sets: 
Ko = {zik a1 -s0oJi=0Ky={z: |e] = 1h, 
and 


K- = {x + iy: |æ| < 2, y =0}, so J-2 = ôK- = Koo, 


2 Iterating complex quadratics 


In general, the set Ke is closed and has no holes in it; see Theorem 2.3(b) 
and (f). Therefore 


Je = OK, = Ke — int Ke, 


and the keep set K, can be thought of as Je together with the ‘inside’ 
of Je. As a result, Ke is often called the filled Julia set. 


Several general properties of Je can be deduced from Theorem 2.3. For 
each c € C, the Julia set Je is a non-empty compact subset of 

{z : |z| < re}, which is completely invariant under P, and symmetric under 
rotation by m about 0. The complete invariance of Je holds because Ke is 
completely invariant (Theorem 2.3(d)), and int Ke is also completely 
invariant, which follows from the continuity of P, and the Open Mapping 
Theorem (Theorem 3.1 of Unit C2). 


The definition of Je could be used to plot Je, but there are also other 
methods for plotting Je. You saw in Theorem 2.5(b) that Je contains all 
the repelling periodic points of P., so knowledge of a number of these 
points gives us some information about the shape of Je. In fact, it can be 
shown that 
Je is the smallest closed set that contains all the repelling 
periodic points of P}. (2.9) 
Thus the shape of Je is entirely determined by these repelling periodic Po ^ 
points. However, calculating a large number of such points would be a > $ a2 
difficult task in practice. / 


A more satisfactory method of plotting Je is to use the complete invariance Pe / 
of this set under P}. The complete invariance tells us that if a, € Je, then 7 
the solutions of the equation P.(z) = a1, that is, 22 + ¢ = a1, also lie in Je. / 
This equation has the solutions +,/a1 — c, which are two new points a2, a3 / 
of J. (see Figure 2.16). (Exceptional cases occur when aj = c, or when ay 
is a fixed point of P.. In these cases, there is only one new point.) 


Now we can repeat this process with a2, a3 in place of a; to obtain four Figure 2.16 P, maps a2 
new points a4, &5, &6, @&7 in Je. This process, which is illustrated and a3 to ay 
schematically in Figure 2.17, is known as backward iteration. It can be 
shown that 

Je is the smallest closed set that contains all the backward iterates 

of any point of Je. (2.10) = 
Thus the shape of Je is entirely determined by the location of these 
backward iterates. The calculation of such backward iterates is tricky, even N 
with a computer, because the tree-like structure shown in Figure 2.17 Bae i Fi 7 xr 
needs careful handling. A common short cut is to make a random choice of \ 
square root at each level and plot the resulting sequence; for example, Figure 2.17 Backward 


Q1, 43, Q6, Q12; .... iteration of ay 
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(a) 
Figure 2.18 The Julia set J. for (a) c = 0.25 (cauliflower), (b) c = —0.123 + 0.7457 (rabbit), 


(c) c= —0.75 + 0.257 (sea horse) 
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The Mandelbrot set 


A convenient choice of starting point a, for the backward iteration is a 
repelling or indifferent fixed point of P.. You can see the result of this 
method, for several values of c, in Figure 2.18. These particular examples 
of Julia sets have been given names suggested by their shapes. 


Remarks 


1. Property (2.9) implies that near every point of J. we can find repelling 


periodic points. The effect of these repelling periodic points is to make 
the behaviour of the function P, on Je extremely unstable, in the sense 
that points that are close to each other on Je tend to be pushed apart 

under iteration of P.. Such behaviour is often described as chaotic. 


By contrast, the behaviour of P, on C — Je is stable; that is, points that 
are close to each other in C — Je behave in essentially the same way 
under iteration of P.. 


This distinction between stable and unstable behaviour can be used to 
define the notion of a Julia set for any entire function or rational 
function. 


. Julia sets display a remarkable ‘self-similarity’ property. For each c, the 


shape of any part of J. appears to be repeated all over J. and is seen 
even when we zoom in closer and closer to Je. This is a consequence of 
the complete invariance of Je together with property (2.10) of Je. Asa 
result, Julia sets are often described as fractals. 


The name fractal was introduced by the Polish-born mathematician 
Benoit Mandelbrot (of whom, more later) in 1975 to describe a type of 
set that is extremely irregular, and yet has an underlying structure that 
can be seen under magnifications of the set repeated indefinitely. The 
exact definition of a fractal is not universally agreed, but it has to do 
with the self-similarity property and with certain methods of measuring 
the dimension of a set that may give non-integer answers! You can 
learn more about this subject in books and courses on fractal geometry. 


Further exercises 


Exercise 2.9 


Show that the iteration sequence 
Pnl = 3zn( l> ea) SU as 

with zo = 5; is conjugate to an iteration sequence of the form 
Wn =wetd, n=0,1,2,..., 


with wo = 0, and state the value of d. 


Exercise 2.10 


(a) Prove that if |c| < 4, then 


Jalsa+Va-lel = |P) <3+y3- ld. 


(b) Deduce from part (a) that if |c| < 7, then 


(2:1 < 4+ veld} cn. 


(c) Combine the result of part (b) with Theorem 2.3(a) to show that 
when c is close to 0, the set Ke is approximately equal to the closed 
unit disc. 


2 Iterating complex quadratics 


Gaston Julia 
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Exercise 2.11 


For each of the following functions f and points a, show that a is a 
periodic point of f, decide whether it is attracting, repelling or indifferent, 
and identify any attracting fixed points that are super-attracting. 

(a) f(z)=-z, a=i (b) f(z)=2?-2, a=3(-1+ V5) 

(c) f(z) =224+i, a=0 (d) f(2j=2, a= e/i 


3 Graphical iteration 


After working through this section, you should be able to: 


e use graphical iteration to determine the behaviour of real iteration 
sequences 


e describe properties of the keep sets Ke, for c € R, that can be obtained 
by using graphical iteration. 


In this section we make some observations about the nature of the keep 
sets Ke when c is a real number. One simple observation is that if c is real, 
then Ke is symmetric under reflection in the real axis; see, for example, 
K_, in Figure 2.4(c). This holds because, for c € R, the functions P? are 
real polynomial functions, for n = 1,2,..., so P”(Z) = P®(z), for z € C, 
which implies that 

P?(Z) > œ as n => œ => Pi(z) > œ asn -> oo. 
Hence Z € Ke if and only if z € Ke. 


We obtain some more interesting results by using a technique called 
graphical iteration, which applies only to the iteration of real functions. 


3.1 Defining graphical iteration 


If f is a real function, then any iteration sequence of the form 

Inti = f (£n), n = 0,1,2,..., can be represented graphically by using the 
graphs of y = f(x) and y = z plotted together, as in Figure 3.1. Note that 
any point in R? where y = f(x) meets y = x corresponds to a fixed point 
of f (for example, the value a in Figure 3.1). 


YA y=r YA (ttn) Sf YTE 


jo ~~ (b) 


Figure 3.1 Two steps in graphical iteration 


Figure 3.1 illustrates a two-step process for finding geometrically the 
position on the x-axis of the term £n+1, given the position of the term zp: 


(a) draw a vertical line to meet y = f(x) at (£n, f(an)) = (Zn, En41) 
(b) draw a horizontal line to meet y = x at (441, Un41)- 


Given any initial term zo, we can apply these two steps repeatedly to 
construct the sequence (£n) geometrically, and thus obtain information 
about the behaviour of (xn). For example, with the function f in 

Figure 3.1 and with ro = 0, we obtain the behaviour illustrated in 

Figure 3.2, which strongly suggests that (£n) tends to the fixed point a, 
where f(a) =a. 

In the following example we carry out graphical iteration with a particular 
function f. 


Example 3.1 
Let f(z) = åz +1. 


(a) Plot y = f(x) and y =z on the same diagram, and use graphical 
iteration to plot the iteration sequences 


Inti = f (xn), m= O V2, 
with zo = 0 and zp = 3. 
(b) Describe the behaviour of each of these sequences (£n), and check 
that your answer agrees with the solution to Exercise 1.9(b)(i). 
Solution 


(a) The graphs of y = f(x) and y = zx are plotted in Figure 3.3. 
They meet at the point (2,2), which corresponds to the unique 
fixed point 2 of f. The sequences r41 = f(a), n =0,1,2,..., 
with zo = 0 and 29 = 3, are also plotted. 


YA 


= 


> 
io aii Oat rey l 


Figure 3.3 Graphical iteration of the function f(x) = $2 +1 
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Figure 3.2 Repeating the 
two-step process with zo = 0 
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Figure 3.4 Graphical 
iteration of Po 
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(b) For both values of xo, Figure 3.3 strongly suggests that £n > 2 
as n — oo. In Exercise 1.9(b)(i) we found that if |a| < 1, then the 
iteration sequence z,41 = az, +b, n =0,1,2,..., converges to 
(the fixed point) a = b/(1 — a) for all zo. Here we have a = 5, 

b = 1 and a = 2, so our answer agrees with this result. 


The next exercise gives you a chance to try out graphical iteration. 


Exercise 3.1 


Let f(x) = —2x +1. 


(a) Plot y = f(x) and y = z on the same diagram, and use graphical 
iteration to plot the iteration sequences 


tit = Ninh n= El 2s 


with zo = 0 and zo = ž. 
(b) Describe the behaviour of each of these sequences (£n), and check 
that your answer agrees with the solution to Exercise 1.9(b) (iii). 


3.2 Real quadratic iteration sequences 


We now apply graphical iteration to real quadratic iteration sequences of 
the form 


n41 = P.(tn) = 22, + c, m= Desc 


where c and £n are real. A great deal can be said about sequences of this 
special form, but we confine our attention to a few basic results which 
throw some light on the corresponding keep sets Ke. 


To illustrate the method that we use, consider the case c = 0. The graphs 
of y = Po(x) = x? and y = x meet at (0,0) and (1,1), corresponding to the 
fixed points 0 and 1 of Po. The iterations plotted in Figure 3.4 indicate 
that if |z| < 1, then 


O< Prey, forn =], 
On the other hand, if |x| > 1, then 
Po'(z) > œ as n > oœ. 


These results show that the part of the keep set Ko = {2 : |z| < 1} on the 
real axis is the closed interval [—1, 1], as expected. 


From Subsection 2.2, the only values of c for which we know Ke explicitly 
are c= 0 and c= —2. For other real values of c, we may expect that 
graphical iteration will give new information about Ke. To see what kind 
of information can be obtained in this way, try the following exercise. 


Exercise 3.2 


(a) Plot y = z? +1 and y = on the same diagram, and apply graphical 
iteration to the sequence £n+1 = p2 +1,n=0,1,2,..., with your 
own choice of initial term zo. 


(b) Explain why the sequence (£n) tends to infinity. 
(c) What do you deduce about the set K1? 


The solution to Exercise 3.2 suggests that the presence or absence of real 
fixed points of P.(2) = x? + c is of fundamental importance to the 
behaviour of iteration sequences of the form £n+1 = x2 +c. Since the fixed 


points of P, are $ + 4/4 — c (see Exercise 2.3(a)), the following lemma is 


evident. 


Lemma 3.1 


For c € R, the function P, has 


9 o 1 
(a) no real fixed points if ¢ > 3 


(c) two real fixed points 4 +4/4— cifc< }. 


Part (a) of Lemma 3.1 tells us that if c > 7 then the graph y = z? + c lies 
entirely above y = x (see Figure 3.5). It follows by graphical iteration that 
ifc> F, then 


P?(x)— œ as n—> œ, forall z €R. (3.1) 


An algebraic proof of property (3.1) is as follows. Let c > i Then we can 
write c= ; +e, where £ > 0. Since tp41 = r2 + r +e, we see that 
Intl — Tn = Z? — Tn +} +E = (m=i tea 
Then, writing 
En = (En — Tn—1) + (En-1 — Tn-2) + +++ + (£1 — Zo) + Zo, 
we deduce that 
Ln Z NE + zo, forn> 1, 
which implies property (3.1). 


Thus if c > 7 then each x € R escapes to oo under iteration of P., so no 
real values of x belong to the keep set Ke. This gives the following result. 


Theorem 3.1 
If c > 4, then KNR = Ø. 


3 Graphical iteration 


y=r° +c 


Sv 


y= a 
Figure 3.5 Graphical 
iteration of P, for c > + 
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y = P.(x) and y = z, and the 
interval Te 
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It follows by Theorem 2.3(c) and (e) that if c > 4, then Ke must have 
points in both the upper and lower half-planes. Hence, for these values 

of c, the set Ke is in at least two pieces, so it is not (pathwise) connected. 
Moreover, the plot of Ay in Figure 2.4(a) suggests that the set Kı does not 
meet the imaginary axis. We ask you to prove this property of Ke, 

for c > $, in the next exercise. 


Exercise 3.3 


(a) Show that if c is real and y is real, then P.(iy) is real. 


(b) Deduce from part (a) and Theorem 3.1 that if c > 4, then Ke does 
not meet the imaginary axis. 


Ife< $, then, by Lemma 3.1, P. has either one or two real fixed points, so 
the keep set Ke does meet the real axis. It turns out that if c lies in the 
interval [-2, ‘|, then the set Ke OR is equal to the symmetric closed 
interval 


= |-- boa gt yt—e], 


Note that Jo = [—1,1] and I_2 = [—2, 2], as expected, since 
Ko = {z : |z| < 1} and K-2 = [=2, 2]. 


Theorem 3.2 
If -2<c <j, then KNR = o 


Proof The graphs of y = P.(x) and y = x are shown in Figure 3.6, 
together with a filled square S' with sides parallel to the axes, which meets 
the x-axis in the interval Je. The key to the proof is the observation that if 
—2<c< i; then the points of the graph of y = P.(x), for x € Ie, lie in S. 
IfO0<c< 7 then this is evident because y = P(x) does not extend below 
the a-axis. If —2 < c < 0, then we need to show that the lowest point of 

y = P.(x) does not lie below the bottom edge of the square S; that is, 


c>-4-\/4-¢, for-2<c<0. (3.2) 


To prove this inequality, observe that 


el<ro.=it,/i+ c|, for 0< |e] < 2, 
2 7 


which was demonstrated after the proof of Theorem 2.2, and hence 


c< $4 t c, for—2<c<0, 


which is equivalent to inequality (3.2). 


It follows that 
cel, ==> Pe) ei. forn=1,2,... 
=> «re Ke 


Moreover, graphical iteration shows that 


x ER- = Pi(2) > œ asn — co 
=> ré Ke. 


Thus Ke QR = Ie. E 


If c = —2, then we know that 
K_2 = |-2, 2] = l-2 CR. 


However, it can be shown that for other values of c in the interval [-2, +]. 
the keep set Ke does not lie entirely on the real axis. For c < —2, the keep 
set Ke has a more interesting intersection with the real axis, which is 

described in the next result, whose proof may be omitted on a first reading. 


Theorem 3.3 


If c < —2, then the set Ke N R consists of the closed interval J, with a 
sequence of disjoint, non-empty, open subintervals of Ie removed. In 
particular, 0 ¢ Ke. 


Proof Let S be the square used in the proof of Theorem 3.2, which 
meets the x-axis in the interval Ie. Since c < —2, we deduce (by graphical 
iteration) that 


Pi(z) > œ as n= oœ, forreR-k, (3.3) 
so KLARC k. 
Now, since c < —2, we can see from the fact that 

ld Sre = lel <2 


(demonstrated after the proof of Theorem 2.2) that the lowest point on 
y = P.(x) lies below S, as in Figure 3.7. Therefore the set Ap of points 
in Ie that escape from J, after exactly one iteration of P., namely, 


g= {t E 1.2 Pelt) E et 


is an open subinterval of Ie with centre 0 (see Figure 3.7). In view of 
property (3.3) it follows that 


P?(x)— œ as n—> oœ, for x € Ag, 


so the points of Ag do not lie in Ke. In particular, 0 ¢ Ke. 
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Figure 3.7 Graphs of y = P.(x) and y = zx, and the interval Ao 


We now consider the set A; of points in J, that remain in Ie for exactly 
one iteration of P., namely, 
A; = {x € Ie : P,(x) € Ie, but P?(x) ¢ Ie} 
= {z € Ie : P.(x) € Ao}. 
The set A; (see Figure 3.8) consists of two open subintervals of Ie, which 


are positioned symmetrically on either side of 0 and which contain the 
points +,/—c, the zeros of P.. 


Figure 3.8 The set A, consists of two open intervals — the arrowed lines 
show how the endpoints of these two intervals map to the endpoints of Ao 


More generally, we consider the set A, of points in J, that remain in Te for 
exactly n iterations of P., defined inductively as follows: 


Ay = {rE Ie: Pele) € Agi}, fornm=—1,2,.... 


Since each open interval in A,_1 gives rise to two open intervals in An, it 
follows by the Principle of Mathematical Induction that for all 
n=0,1,2,..., the set A, consists of 2” disjoint open subintervals of Te. 


Now, any point of Ie that escapes to oo under iteration of P, must lie in 
exactly one of the sets An. Thus the sets A, are disjoint and 


KAR = I — (Ao U A1 U+), 


which gives the required structure. E] 

Remarks 

1. The set Ke QR = Ie — (Ap U Ai U +-+- ) is infinite because it contains all 
the endpoints of all the intervals that make up Ap, A1,.... Actually, 


there are infinitely many points in Ke AO R that are not endpoints of this 
type, but these are harder to identify. 


2. It can be shown that if c < —2, then Ke C R (as is the case for c = —2). 


Exercise 3.4 
(a) Show that if c is real and y is real, then P.(iy) < c. 
(b) Deduce from part (a) and the fact that 
llr. > |e] < 2, 


together with Theorem 2.2, that if c < —2, then Ke does not meet the 
imaginary axis. 


Exercise 3.4 shows that if c < —2, then the set Ke is in at least two pieces, 
so (as when c > 4) it is not (pathwise) connected. We pursue the question 
of the connectedness of Ke in the next section. 


Further exercises 


Exercise 3.5 
Let P,4(x) = r? + i: Plot y = Pi/4(x) and y = x on the same diagram, 
and use graphical iteration to plot the iteration sequence 
Tn+1 = Pi j4(£n), n=0,1,2,..., 


with zo = 0. Describe the behaviour of the sequence (£n). 


Exercise 3.6 


Use graphical iteration to show that any iteration sequence of the form 


Tn+1 = = 0, 12, 5 5 


Tn 
Intl? 
with zo € R — A, where A = {-1, 5 —, ...}, converges to 0. 
(Hint: Use the fact that if x = —1/n, then z/(x + 1) = —1/(n — 1).) 
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4 The Mandelbrot set 


After working through this section, you should be able to: 
e understand the definition of the Mandelbrot set M 


e use the Fatou—Julia Theorem and its corollaries to determine whether 
certain points lie in M 


e appreciate how a computer can be used to plot M 


e show that certain points c lie in M because each of the corresponding 
functions P, has an attracting cycle 


e appreciate where certain periodic regions of the Mandelbrot set are 
located by making use of saddle-node bifurcations and period-multiplying 
bifurcations. 


4.1 Defining the Mandelbrot set 


In Section 2 we plotted a number of keep sets Ke for quadratic functions of 
the form P.(z) = z? +c. The shapes of these sets are remarkably varied, 
but they can be classified into two quite different types: those that are ‘all 
in one piece’ (for example, Ko and K_2) and those that are ‘in more than 
one piece’; see Figure 2.4 for both types. The mathematical name for a set 
that is ‘all in one piece’ is connected. 


In Subsection 4.3 of Unit A3 we introduced the term pathwise connected in 
order to define the key concept of a region. A set A is pathwise connected 
if each pair of points a, 8 in A can be joined by a path lying entirely in A. 
It is clear that the sets Ko and K_2 are both pathwise connected, but it is 
not so evident that the complicated set K_; in Figure 2.4(c) is pathwise 
connected, even though it does appear to be in one piece. 


We now introduce a more general definition of the term connected. To 
avoid confusion, from now on we will write ‘pathwise connected’ for the 
concept from Unit A3, not omitting the word ‘pathwise’. 


Definitions 


A set A is disconnected if there are disjoint open sets G, and G2 
such that 


ANG, 498, ANG,#4@ and ACG,UG». 


A set A is connected if it is not disconnected. 


For example, for c > - the set Ke is disconnected because, by Theorem 3.1 
and Theorem 2.3(c) and (d), it does not meet the real axis, but it does 
have points in both the upper and lower half-planes. Thus, for c > 7 the 
Figure 4.1 Ky» is definition of disconnected is satisfied for A = Ke with Gi = {z : Imz > 0} 
disconnected and Gy = {z : Imz < 0}; see Figure 4.1, where c = 4. 
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Exercise 4.1 


Use the fact (proved in Exercise 3.4) that if c € R and c < —2, then Ke 
does not meet the imaginary axis, to show that Ke is disconnected 
for c < —2. 


It is more difficult to prove that a connected set is connected. This is 
because to do so we need to show that the set is not disconnected, that is, 
there do not exist open sets G1 and G2 that disconnect the set. However, 
it is not too difficult to prove the following result. 


Theorem 4.1 


Any pathwise connected set is connected. 


This result is proved in courses on topology and metric spaces. Note that 
the converse statement is false, because a connected set need not be 
pathwise connected. 


It follows from Theorem 4.1 that the sets Ko = {z : |z| < 1} and 
K_2 = [—2, 2] are connected. 


For the moment, we set aside the difficulty of proving that a set is 
connected and instead concentrate on the set of points c such that Ke is 
connected; this set is the celebrated Mandelbrot set. 


Definition 
The Mandelbrot set is the set M of complex numbers c such 
that Ke is connected. 


Remarks 


1. Note that the set M is in the c-plane, often called the parameter plane, 
whereas each keep set Ke lies in the z-plane, often called the dynamical 
plane in this context. 


2. The definition of M is often phrased in terms of the connectedness of 
the Julia set Je. By using the fact that Ke is simply connected (that is, 
there are no holes in it), it can be shown that Ke is connected if and 
only if Je is connected. 


For examples of points in M, we can say that 0 € M and—2 € M since 
both Ko and K_» are connected. On the other hand, by Exercise 4.1 and 
the discussion preceding it, we can say that c ¢ M for all c > ; and c < —2. 


The definition of the Mandelbrot set specifies M precisely, but it is difficult 
to work with. For most values of c we have little idea what Ke looks like, 
let alone whether or not it is connected! Fortunately, however, there is a 
numerical criterion for deciding whether Ke is connected, based on the 
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following fundamental result, the proof of which is outlined in 
Subsection 4.4. 


Theorem 4.2 Fatou—Julia Theorem 


For any cE C, 


Ke is connected => 0 € Ke. 


Theorem 4.2 states that the keep set Ke is connected if and only if the 
point 0 does not escape to co under iteration of P.. For example, 0 lies in 
both the sets Ko and K_2, which are connected, but 0 does not lie in K4, 
which is disconnected. 


To see the power of Theorem 4.2, try the following exercise, which 
characterises that part of the Mandelbrot set that lies on the real axis. 


Exercise 4.2 


(a) Use Theorems 3.2 and 4.2 to show that if c € [—2, +]. then ce M. 
(b) Deduce that M NR = [-2, 4]. 


Origin of the Fatou—Julia Theorem 


Pierre Fatou (1878-1929) was a French astronomer and 
mathematician. In addition to his fundamental work on complex 
iteration theory, he proved an important result about the boundary 
behaviour of analytic functions whose domain is the open unit disc. 


Fatou and Julia developed the theory of complex iteration 
independently and in great detail at about the same time. For 
example, in 1917—18 they both proved a more general version of 
Theorem 4.2. After their pioneering work on complex iteration, there 
were only a few other developments in this field until the explosion of 
interest in the 1980s, sparked off by the use of computers to plot Julia 
sets. 


The complement of the Julia set is now known as the Fatou set. 


It is natural to ask why the number 0 appears in this special way in 
Theorem 4.2. The reason is that the number 0 is the only critical point of 
each of the functions P.(z) = z2? + c; that is, it is the only point at which 
each of the derivatives P!(z) = 2z vanishes. By the Local Mapping 
Theorem (Theorem 3.2 of Unit C2), an analytic function fails to be 
one-to-one near a critical point, so such points play a significant role in the 
function’s behaviour. 


By using Theorem 2.3, we can turn the condition 0 € Ke in Theorem 4.2 
into a precise numerical condition that is easier to check. 


By the complete invariance of Ke under P, (see Theorem 2.3(d)), 
0 EK = Pek, forn=0, 1 2 
Hence, by Theorem 2.3(a), 
0 E€ Ke = |PF(0)|< re for n = 0,1,2,..., (4.1) 


where re = $ + 4/4 + |c]. Since P.(0) = c, the right-hand side of 
implication (4.1) shows that |c| < re, and since |c| < re <= > |e| < 2 
(demonstrated after the proof of Theorem 2.2), we see that 


re <4 +4/}+2=2. Thus 
0E Ke = |P <2, forn= 1; 26.0 (4.2) 


On the other hand, if c satisfies the inequalities on the right-hand side of 
implication (4.2), then the sequence (P? (0)) is bounded, so 0 € Ke, by the 
definition of Ke. Hence, by the definition of the set M and Theorem 4.2, 


cE M <> K. is connected 
<> 0E kK, 
z= POS, for m= 1 2 


Thus we obtain the following consequence of Theorem 4.2. 


Theorem 4.3 
The Mandelbrot set M can be specified as 


M = 1e: IPAO] < 2, tor m = ly ees 


Theorem 4.3 provides a numerical criterion for determining whether or not 
a point c belongs to M. For any given c, we simply compute the terms of 
the sequence (P? (0)), which are 


c, e+e (E +0)? +6, ..., 


and try to decide whether all these terms lie in {z : |z| < 2}. Note that the 
terms of the sequence (P”(0)) are calculated using the recurrence relation 


PLIO) = (P? (0)? +e forn=1,2,.... 
For example, if c = 0, then (P? (0)) is the constant sequence 
0,0,0,...- 


Since all these terms lie in {z : |z| < 2}, we deduce from Theorem 4.3 that 
0€ M. On the other hand, if c = 1, then the terms of (P"(0)) are 


19 596 cs. 


These terms do not all lie in {z : |z| < 2}, so we deduce from Theorem 4.3 
that 1 ¢ M. 


4 The Mandelbrot set 


135 


Unit D2 The Mandelbrot set 


136 


Exercise 4.3 


Use Theorem 4.3 to determine which of the following points lie in M. 
(a) c=-2 (b) c=147 (ce) c=i (d) c=iv2 


Theorem 4.3 makes it possible to use a computer to plot an approximation 
to M. The so-called naive algorithm involves checking the inequality 


[Po'(0)| < 2 (4.3) 


for a large number of points c and for n = 1,2,...,N, where N isa 
suitably large positive integer. If inequality (4.3) is false for some n, then 
the corresponding point c lies outside M, but if it is true for 
n=1,2,...,N, then c must be in M or be ‘close to M’. 


Mandelbrot used an algorithm of this kind to plot M, obtaining an image 
similar in shape to Figure 4.2. The set appears to be very complicated, 
consisting of many ‘blobs’ (the main one of which is bounded by a 
cardioid), which Mandelbrot called atoms, all arranged in a highly 
organised manner. Some of these atoms are stuck together to form a 
highly complex molecule, whereas in Figure 4.2 others appear to float free. 


—2 —1.5 —1 —0.5 0 0.5 
Figure 4.2 The set M in the c-plane plotted using the naive algorithm 
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History of the Mandelbrot set 


The systematic study of the set M began around 1979 when it was 
plotted by Benoit Mandelbrot (1924-2010). He had previously been 
plotting Julia sets as part of his pioneering work on fractals. 


A very basic plot of the periodic regions of M was made at about the 
same time by Robert Brooks and Peter Matelski; see Figure 4.3. They 
had encountered the iteration of quadratic functions while studying 
various groups of Möbius transformations. You will learn about 
periodic regions in Subsection 4.2. 
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Figure 4.3 Early image of the Mandelbrot set created by Brooks and 
Matelski 


Mandelbrot was born in Warsaw, and his initial training as a 
mathematician took place at the Ecole Polytechnique, Paris. He 
started working for IBM in 1958, and became an IBM Fellow in 1974 
at the Watson Research Institute in New York State. He contributed 
to many areas of mathematics and physics, and received many 
international honours. 


We can use Theorem 4.3 to obtain a number of basic properties of M. 
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Corollary 
The Mandelbrot set M 


(a) is a compact subset of {c : |e] < 2} 


( 
( 
( 


b) is symmetric under reflection in the real axis 


Cc 


) meets the real axis in the interval [—2, 4] 


d) has no holes in it; that is, C — M is connected. 


Proof First note that each term of the sequence (P"(0)) defines a 
polynomial function of c. Indeed, 


P.(0) =C, 
P?(0)=2 +c, 
P3(0) = (PF +e)? +e = 4t +228 +c? Hc, 


and, in general, P? (0) takes the form 


Po) = CO peT gnete forn i. 


(a) To prove this part we define the sets 


Mpy = fe: PPO a2). for n= 1; 2 
so Mı = {c : |c| < 2}, M2 = {c: |? + c| < 2}, and so on. Then, by 
Theorem 4.3, 

M = M AM0», 
so, in particular, M C Mı = {c : |c| < 2}. Thus M is bounded. 
Each set Mnp is closed because its complement 

C -— Mn = {c : |P? (0)| > 2} 
is open. Indeed, if | P” (0)| > 2 for some co, then this inequality must 
hold for all c in some open disc with centre co, by the continuity of 
the function c —> |P? (0)|. It follows that M itself must be closed, 
because if c ¢ M, then c Mn for some n, so some open disc with 
centre c must lie outside M, and hence outside MW, which implies that 


C — M is open. Therefore M is closed and bounded; that is, M is 
compact. 


Because P”(0) is a polynomial in c with real coefficients, 


Pg (0) = P?(0). 
Hence |P?(0)| = |P2(0)|, for n = 1,2,..., so €E M if and only if 
c € M, by Theorem 4.3. Hence M is symmetric under reflection in the 
real axis. 


The proof of this part was covered in Exercise 4.2(b). 
The proof that C — M is connected is similar to the proof of part (f) 
of Theorem 2.3, using the set {c : |c| > 2} instead of {z2 : |z| > re} and 


applying the Maximum Principle to the analytic function c > P” (0) 
instead of to z +> P"(z). We omit the details. E 
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It turns out that the picture of the Mandelbrot set in Figure 4.2 is 
misleading. Some parts of M are so thin that the naive algorithm fails to 
detect them. This became clear when the French mathematician Adrien 
Douady and the American mathematician John Hubbard proved the 
following remarkable result in 1982. (It was Douady and Hubbard who 
named the set M after Mandelbrot.) 


Theorem 4.4 
The Mandelbrot set is connected. 


We make no attempt to prove Theorem 4.4, but just remark that the idea 
of its proof is to construct a conformal mapping from the exterior of M 
onto the region {z : |z| > 1}, and the proof uses many results from complex 
analysis. 


Following Theorem 4.4, we can devise more effective algorithms for 
plotting better renderings of M, such as the one shown in Figure 4.4, with 
various enlargements corresponding to the small square boxes. 


1.04 


—0.19 —0.15 


Figure 4.4 (a) The Mandelbrot set M, and some close-ups of M in (b) and (c) 
To gain some insight into why the connectedness of M is so remarkable, we 
note that the sets 

Mn = {e: |P2(0)| < 2}, n=1,2,..., 
defined in the proof of the corollary to Theorem 4.3, are nested; that is, 

Mı 2 M2 2 Mz 53; 


Since M = Mı OM2N---, we can think of M as the limit of this sequence 
of nested sets. 


The nested sets Mp are represented in Figure 4.5, where, for the first few 
values of n, points of Mn — M,41 are plotted in blue if n is odd and in 
white if n is even. Figure 4.5 The sets Mp 
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Since c € Mn — My41 if and only if 

|P¥(0)| <2, fork =1,2,...,n, but Pert) | > 2, 
these bands indicate how long the corresponding sequences (P? (0)) remain 
in {z : |z| < 2}. 


It can be shown that the connectedness of M is equivalent to the fact that 
each of the boundaries 0OM,, = {c : |P”(0)| = 2}, for n =1,2,..., forms a 
simple-closed path; that is, it does not break up into several pieces. This 
fact can be checked directly for the special cases OM, = {c : |c| = 2} and 
Mə = {c: |2 +c| = 2}, but in the case of general n it is far from obvious. 


4.2 Inside the Mandelbrot set 


Theorem 4.3 provides a good means of showing that a given point c is not 
in the set M. This result is not so helpful, however, as a way to show 

that c is in M. For some values of c, such as c = 0 or c = —2, it is possible 
to check directly that |P?(0)| < 2, for n =1,2,..., but this is usually not 
the case. Instead, the following general result can often be used. 


Theorem 4.5 
If the function P, has an attracting cycle, then c € M. 


Remark 


One way to prove Theorem 4.5 is to show that if P, has an attracting 
cycle, then the sequence (P? (0)) is attracted to this cycle. Since (P? (0)) 
can be attracted to at most one cycle, it follows that P, has at most one 
attracting cycle for each value of c. We outline a different proof of 
Theorem 4.5 in Subsection 4.4. 


Theorem 4.5 allows us to identify various key parts of the set M by finding 
values of c for which the function P, has an attracting p-cycle for various 
values of p. There is a particularly elegant method for finding attracting 
fixed points and attracting 2-cycles of P., as we now show. 


Theorem 4.6 


(a) The function P, has an attracting fixed point if and only if c 
satisfies 


Gide 2) (ase <8) (4.4) 


(b) The function P, has an attracting 2-cycle if and only if c satisfies 
lc+ 1] < 4. (4.5) 


The proof of Theorem 4.6(a) follows shortly. As you will see there, 
inequality (4.4) is equivalent to the statement that c lies inside the 
cardioid with parametrisation 


a(t) = le” — te?” (t € [-7,7]). 


This cardioid is the boundary of the main ‘atom’ of M. Inequality (4.5) 
says that the point c is in the open disc {c : |e + 1| < zh, which lies 
immediately to the left of the cardioid; see Figure 4.6. 


C 
C= 5 + 52 


A 
{e:|c+1| < 4} a 
/ 


c: (8lcl? — 3 *4.8Rec <3 
2 


Figure 4.6 ‘The sets of values c where P, has an attracting fixed point or an 
attracting 2-cycle 


For example, we can check that the point c = 4 + si, shown in 
Figure 4.6, lies in M by noting that it seems to lie just inside the cardioid. 
For this value of c, we have |c|? = 5 and Rec = —5, so 
2 2 
(8|c|? — 3) + 8Rec = (4- 3) -8x4 
=3 <3 


Hence P, has an attracting fixed point, by Theorem 4.6(a), so c = —5 + 51 


is in M, by Theorem 4.5. 


Exercise 4.4 


Prove that each of the following points lies in M. 
(a) c= —0.9+0.1i (b) c=0.2 + 0.5% 


Proof of Theorem 4.6(a) First note that a is a fixed point of P, if 
and only if 


Pia) =07 +¢=0, 
that is, if and only if 
c=a- a. 


Moreover, this fixed point is attracting if and only if 


|P{(a)| = 2a] < 1. 


4 The Mandelbrot set 


141 


Unit D2 The Mandelbrot set 


Thus P, has an attracting fixed point if and only if c is of the form a — a”, 


where |a| < $, that is, if and only if c lies in the image of the open disc 

{z : |z| < 5} under the function f(z) = z—2z?. To understand the nature of 
this image, we use the approach of Subsection 4.3 of Unit C3, expressing f 
as a composition of one-to-one conformal mappings. We can write 


2-2 =} (4-242) 


2 
=3-G-2), 


so f has the effect indicated in Figure 4.7. 


z= 5-2 z2 = 2? c=}-2z2 
eae a a ie S 
A A A A 
ET ATi 
aii AEN 4 4 N 
(R N / Ri N ( Ro \ / ) 
_1\ Pa 11 1 _3 1 
2 Nee’ 2 h 1E A A 4} 
S- SS 
z-plane z1-plane z2-plane c-plane 


Figure 4.7 Decomposing the function f(z) = z — 2? 
Note that the cusp of the cardioid arises because the function f satisfies 
FÈ) = 0 but F'G) = —2 Æ 0. In particular, this function doubles angles 


between smooth paths emerging from 2. 


To complete the proof, we need to show that c lies in the region S bounded 
by the cardioid if and only if 


(8|c|? — 3)? +8Rec < 3. 


This is a rather fiddly technical exercise, which can be done in various 
ways. One approach is to note that the cardioid itself is the image of the 
circle |z| = 5 under the function f(z) = z — z?; that is, it is the path in the 
c-plane with parametrisation 


v(t) = ge" — (gel) 
= $(cost + isint) — ¢(cos2¢+isin2t) (t€ [-7,7]). 
4 In Exercise 2.9 of Unit A2 we found that this path has equation 
Alc|* — žel? + 3 Rec = a, 


which can be rearranged to give 

(8|c|? — ae +8Rec=3. 
Figure 4.8 A circle It can then be shown that for ; <r< 3, the cardioid splits the part of the 
{z : |z| =r} and the cardioid circle |c| = r in the upper half-plane into two arcs (see Figure 4.8). 
On the left (blue) arc, which is inside the cardioid, inequality (4.4) holds 
(because |c| = r is a fixed value but Rec decreases), whereas on the right 
(red) arc we have the opposite inequality. For other positive values of r, the 


cardioid does not meet this semicircle, and the direction of the inequality 
can be found by considering its nature at c = +r. We omit the details. E 
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To prove Theorem 4.6(b) we need the following useful lemma. 


Lemma 4.1 


Suppose that c # -3, Then P, has a single 2-cycle a1, a2, where 


2E at Hee es eee Oe 
= a 1-6 Gnh=—5 mt — ©; 


with multiplier 


(P?) (a1) = 4aiaa = 4(c + 1). 


Ifc= —3, then a, = a2 = —$, which is a fixed point of P_3/4, not 
a 2-cycle (P_3/4 does not have any 2-cycles). 


Proof Since P?(z) = (2? + c)? + c = (P,(z))* + c, we have 


P?(z)— z = (P2)? +c- z 
(P.(z))? — 2? + P.(z) - z 
= (P.(z) — z)(P-(z) + 2) + P(z) - z 
Z (P.(z) = z)(P.(z) + z+ 1) 
= (P,(z) —z)(e2 +z+e+1). (4.6) 


The 2-cycles of P, are those solutions of P?(z) — z = 0 that are not 
solutions of P.(z) — z = 0. Hence, by equation (4.6), they are the solutions 
of 


2 +z+c+1=0. 
So P, has a single 2-cycle œ1, a2, where 


=—łl4,/—3— = baa 
Q1 = 5 + 376 @2=-3 Te 


By Theorem 2.4(a), the multiplier of the 2-cycle aj, a2 is 
(P2)'(a1) = Pe(a1)P2(a2) 
= (2a1)(2a2) 


Exercise 4.5 


Use Lemma 4.1 to prove that P, has an attracting 2-cycle if and only if 
|c + 1| < 4, thus proving Theorem 4.6(b). 
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Numerical experiments suggest that the Mandelbrot set contains many 
simply connected regions, each with an associated period p such that for 
every c in the interior of the region, the function P, has an attracting 
p-cycle. This motivates the following definition. 


Definition 
A periodic region is a maximal region R such that, for some 
positive integer p, 


the function P, has an attracting p-cycle, for all ce R. (4.7) 


Here the word ‘maximal’ means that there is no larger region containing R 
that satisfies (4.7). 


For example, the inside of the cardioid and the open disc specified by 
inequalities (4.4) and (4.5) are both periodic regions. Unfortunately, no 
other periodic region in M seems to have such a straightforward 
characterisation, but we can obtain some information about their location 
in M by using the following result. 


Theorem 4.7 


The function P, has a super-attracting p-cycle if and only if 


P?(0)=0, but PO) 0, fork =1,2,...,p—1. (4.8) 


Proof By Theorem 2.4(a), any p-cycle 

a, P.(a),..., PHa) 
of Pe has multiplier 

Pi(a) Pe(Po(a)) «+ Po(PP-*(a)) = (2a) (2Pe(a)) -+ (2PP-* (a), 
since P!(z) = 2z. Therefore such a p-cycle is super-attracting if and only if 
one of the points of the p-cycle is 0. But P. has a p-cycle including 0 if and 
only if condition (4.8) holds, so the proof is complete. E 
For example, if p = 1, then condition (4.8) becomes 

P.(0) =c=0, 
as expected, since Po(z) = 2? has the super-attracting fixed point 0. 
If p = 2, then condition (4.8) becomes 

P?(0)=c?+e=0, but P,(0) =c£0. 


The only solution is c = —1, as expected, since P_;(z) = z? — 1 has the 
super-attracting 2-cycle 0,—1, as we saw just before Theorem 2.4. 
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Exercise 4.6 


Use Theorem 4.7 to show that the function P, has a super-attracting 
3-cycle for precisely three different points c, one of which lies in the interval 
[—1.8, —1.7] and the other two of which form a pair of complex conjugates. 


It can be proved that if P, has an attracting p-cycle, then c lies in a 
periodic region that contains exactly one point co, say, with a 
super-attracting p-cycle. We call co the centre of the associated periodic 
region. Figure 4.9 shows the approximate location in the Mandelbrot set of 
all points co for which P,, has a super-attracting p-cycle for p = 1, 2,3, 4. 


co = —0.123 + 0.745: p=3 ~ co = —0.157 + 1.0322: p = 4 


co = 0.282 + 0.5302: p = 4 


co = 0.282 — 0.5302: p = 4 


co = —0.123 — 0.7454: p= 3 > 


co = —0.157 — 1.032%: p = 4 


—2 —1.5 —1 —0.5 0 0.5 
Figure 4.9 The set M showing points co (correct to 3 d.p.) for which P., has a super-attracting cycle 


In fact, the boundaries of all the periodic regions are either (roughly) 
circular in shape or shaped like a cardioid, but they are connected together y > 
in a complicated manner. We cannot hope to give a full explanation of the / 
way in which the periodic regions of M fit together, though we can gain 
some insight into their structure by looking more closely at the two sets 

given by Theorem 4.6. These are plotted in Figure 4.10. \ 


The key points to consider here are c = i which is the cusp of the ~-47 
c 


cardioid, and c = —3, where the cardioid and the circle meet. These are 
the points where the cycle structure of P, changes; for example, as c passes Figure 4.10 Two bifurcation 


points 
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through -3 from the cardioid into the disc, the attracting fixed point of P, 
becomes repelling, and the repelling 2-cycle of P, becomes attracting. At 
such points, we say that a bifurcation occurs. In order to characterise such 


bifurcations, we look more closely at the cycle structure of P, for c = 4+ 


q 
and c= —3. 
For c= i the function P. = Pi/4 has just one fixed point, a = $, with 
multiplier 
P.a) = Pi a(3) = 203) = 1. 
For c= 4 the function Pe = P_3/4 has two fixed points, one of which is 
at a= —5 with multiplier 


Pia) = Ph 3j4( 3) = 2( 3) = 1. 


Thus for both these key values of c, the function P, has a fixed point a 
whose multiplier P!(a) is a root of unity. 


In order to state the next result, we say that the number A is a primitive 
nth root of unity if À is a root of unity and if n is the smallest positive 
integer for which A” = 1. For example, —1 is a primitive square root of 
unity. It is also a fourth root of unity because (—1)* = 1, but it is not a 
primitive fourth root of unity. 


The following theorem, whose proof we omit, gives the two types of 
bifurcation that can occur when the multiplier of a cycle is a root of unity. 


Theorem 4.8 


Suppose that the function Peg, where co € C, has a p-cycle whose 
multiplier A is a root of unity. 


(a) Saddle-node bifurcation at co If A = 1, then co is the cusp 
of a cardioid-shaped periodic region R, such that 


P, has an attracting p-cycle, for c E€ R. 


(b) Period-multiplying bifurcation at co If A is a primitive nth 
root of unity, for n > 1, then there are two periodic regions Ry 
and Rə whose boundaries meet at co such that 

p-cycle, for cE Ry, 


P, has an attracting 
np-cycle, for c E€ Ro. 


Remarks 


1. The name saddle-node bifurcation arises from the shape of the graph 
when such a bifurcation occurs within a family of real functions. 


2. If n = 2, then a period-multiplying bifurcation is called a 
period-doubling bifurcation. 
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In the next two (challenging) exercises we ask you to investigate specific 
examples of these two types of bifurcations. 


Exercise 4.7 


(a) Use the solution to Exercise 2.2(a) to determine a polynomial Q,(z) 
such that 


P3(z) — 2 = (Pez) — 2)Qe(2). 
(b) Verify that 


2 
Prae) -z= (Papal) —2)( +42 - 92-2). 


(c) Show that the equation z° + 52° — 2z — t = 0 has three real solutions, 


and that these form a 3-cycle of P_7/4. 


(d) Deduce that a saddle-node bifurcation occurs at c = —f, and relate 
this fact to the solution of Exercise 4.6 and to Figure 4.9. 


Exercise 4.8 


Show that if c= ¢ — ¢?, where 2¢ is a root of unity (4 1), then a 
period-multiplying bifurcation occurs at c. Relate this fact to Figure 4.9 
with ¢ = —4, de?ni/3 and si. 


(Hint: First check that ¢ is a fixed point of P..) 


4.3 The structure of the Mandelbrot set 


This subsection is intended for reading only (it will not be assessed). 


The Mandelbrot set is an incredibly complicated object and there are some 
major questions about its structure that are unresolved. In this subsection 
we describe more of what is known about this remarkable set. 


Using the approach of Exercise 4.8, we find that each part of the main 
cardioid in Figure 4.9 is decorated by periodic regions. In a similar way, all 
these periodic regions are themselves decorated everywhere by further 
periodic regions, and so on. 


In addition, we find throughout the boundary of M the appearance of 
small cardioid-shaped periodic regions, arising from saddle-node 
bifurcations, such as the one at c = 4 in Exercise 4.7. These 
cardioid-shaped regions are themselves decorated with smaller periodic 
regions, as a result of period-multiplying bifurcations, so they give rise to 
small copies of the Mandelbrot set within itself (see Figure 4.4 and the 


front cover of this book). 
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All these periodic regions appear to be connected together in M by a 
complicated network of ‘veins’ — recall that the Mandelbrot set is 
connected (Theorem 4.4), as shown by Douady and Hubbard. 

The simplest such vein lies along the real axis from —2 to +: In fact, one of 
the key unresolved problems about the Mandelbrot set M is to decide 
whether M is not only connected, but also pathwise connected, that is, to 
show that each pair of points in M can be joined by a path lying entirely 
in M. This is closely linked to another question, namely whether the 
Mandelbrot set has the property of being locally connected (the so-called 
MLC conjecture), which is in turn linked to the question of whether there 
exist any interior points of M that are not part of a periodic region. 


Properties of the Mandelbrot set 


Adrien Douady (1935-2006) was a professor at the University of 
Paris-Sud, where he was known for his great mathematical skill and 
insight, and his humour — the Julia set in Figure 2.18(b) is known as 
the Douady rabbit after his imaginative description of it. Douady 
Adrien Douady provided a focus for much of the hugely exciting work that took place 
in the years after the Mandelbrot set was discovered. For example, he 
and John Hubbard (1945-) not only proved that M is connected but 
also developed a theory that explains why the set M contains ‘baby’ 
Mandelbrot sets. 


Another remarkable property of the Mandelbrot set was discovered 
around 1990 by the Chinese mathematician Tan Lei (1963-2016), who 
had been a student of Douady and who went on to be a professor at 
the University of Angers, France. She showed that for certain special 
points c in the Mandelbrot set, the shape of M near c resembles more 
and more closely the shape of the Julia set J. as you zoom in ever 
closer to c. One such point is c = i; see Figure 4.11 for a picture of M 
near i, and compare this with Figure 2.4(b), showing J;, which in this 
case is the same as K;. 


Finally, we describe an effective graphical method for obtaining 

—0.001 0 0.001 information about the periodic regions of the Mandelbrot set whose centres 
Figure 4.11 The set M near lie on the real axis. The idea is to choose a large number of real values of c 
between —2 and 7 and plot each of the corresponding real sequences 
Ln = P? (0) vertically above the corresponding value of c; see 
Figure 4.12(a), where the horizontal axis is the c-axis and the vertical axis 
can be thought of as the x,-axis. 


C=1 


In order to determine any values of c that have attracting p-cycles (to 
which such a sequence (£n) will be attracted, by the remark following 
Theorem 4.5), the first 200 or so terms are discarded and the next 600 or 
so are plotted. Thus if P. has an attracting p-cycle for some real value c, 
then p points should be plotted above the corresponding point c. 
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(a) (b) 


Figure 4.12 Bifurcation diagram for (a) —2 < c < 0.25, (b) —2 < c < —1.54 


The bifurcation diagram in Figure 4.12(a) reveals the convergence of the 
sequence (P"(0)) to an attracting fixed point for —? < c < 4, to an 
attracting 2-cycle for 4 <ce< —3, to an attracting 4-cycle for c just to 
the left of —3, with further period-doubling bifurcations to the left of this. 
Also visible is an attracting 3-cycle for c just to the left of —f. 

For other values of c it is less clear what is happening, but by scaling the 
c-axis appropriately (see Figure 4.12(b)) many other ‘periodic windows’ 
are revealed which correspond to attracting p-cycles for other values of p. 
In fact, pictures of this type for the related family of iteration sequences 
given by 


tia = Käin =z), whhtg= $, where 0 < k < 4, 


were studied in the early 1970s, before the Mandelbrot set itself had been 
plotted. In particular, the order in which the periodic windows appear was 
found and the rate at which period-doubling occurs was discovered (by the 
American mathematical physicist Mitchell Feigenbaum) to have a certain 
universal property. Thus even the part of the Mandelbrot set that lies on 
the real axis is extremely complicated. For example, it was proved (around 
1997) that every non-empty open interval of [-2, 1] meets at least one of 
the periodic windows. Two proofs were given, one by the Ukranian-born 
mathematician Mikhail Lyubich, and another by the Polish-born 
mathematicians Jacek Graczyk and Grzegorz Świątek; both proofs are 
more than 100 pages long! 
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4.4 Proofs of Theorems 4.2 and 4.5 


This subsection is intended for reading only (it will not be assessed). 


The aim of this subsection is to give outline proofs of Theorems 4.2 
and 4.5. 


First we will need the concept of the preimage set P>'(E) of a set E 
under the function P}. This is the set consisting of all points that are 
mapped to E by Ps: 


P(E) = {z: P,(z) € E}. 


e 


The use of this notation does not imply that P, necessarily has an inverse 


function. 

For example, if E = {—1} and c = 0, then P) '({—1}) = {i,—i}. Note that 
P7}(E) is always symmetric under rotation by 7 about 0, since P, is an 
even function. 


OE 


Next we say that a compact set whose boundary is a simple-closed smooth 
Figure 4.13 A compact disc path is a compact disc; see Figure 4.13. Note that a compact disc need 

not be a disc, but it must be connected. The nature of the preimage set of 

a compact disc Æ under P, is given by the following result (see 

Figure 4.14). Recall that the interior and exterior of a subset of C were 

defined in Subsection 5.1 of Unit A3. 


Lemma 4.2 
Let E be a compact disc and suppose that c ¢ OE. Then P>1(E) is 
(a) one compact disc containing 0, if c € int Æ 


(b) the union of two compact discs, neither containing 0, if c € ext E. 


Note that if c € OE, then P>!(E£) forms a filled-in figure of eight. 


P A POE) A P. A 


——>> —_—> 


(a) (b) 


Figure 4.14 Preimage sets of a compact disc when (a) c € int E, (b) c € ext E 


To indicate why Lemma 4.2 is true, we have shown in both parts of 
Figure 4.14 a typical ray emerging from the point c and meeting the set E, 
as well as the preimage of this ray, which consists of the two rays emerging 
from 0, combining to form a line through 0. 


We now outline a proof of Theorem 4.2. 
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Theorem 4.2 Fatou—Julia Theorem 
For any c € C, 


Ke is connected ==> 0 € Ke. 


Proof We start by choosing a closed disc Ep = {z : |z| < r}, such that 


r>max{re,|c|}, where re = 4 +4/4+ |c], (4.9) 
and 

P?(0) ¢ OE, forn=1,2,.... (4.10) 
Then we define the sequence of successive preimage sets of Eg under P.: 

Ey = Fy (Eo), Eo =P; (Ei) 3 
that is, we define 

E,=(22P (2) € Eo}, torre 1,2 os. 


If P™*1(z) € Eo, then we must have P?(z) € Ep also (by Theorem 2.2, 
because r > re). Hence 


Epai C En, for m= 0; l; 2s 


so the sets En are nested. Moreover, 


Eon ENA E2N -+ = {z : P? (z) € Eo, for n = 0,1,2,...} 
=A Po) forn= 0,125...) 
=a (4.11) 


by Theorem 2.2, since r > re. Thus the shape of Ke is determined by the 
shapes of the sets En. 


Figure 4.15 illustrates the first few of these nested sets Eo, E1, E,... 

for the two cases c = —1 and c= 1. In both cases we have taken 

Eo = {z : |z| < r}, where r = 1.8, so properties (4.9) and (4.10) are 
satisfied in each case. Points of En — En+1 are plotted in blue if n is even 
and white if n is odd. 


Figure 4.15 The nested sets Ep D Ey D E2 D +-+- for (a) c = —1, (b) c= 1 


4 The Mandelbrot set 


151 


Unit D2 The Mandelbrot set 


w 
` Z 


Figure 4.16 Preimage sets of 
Eo when c = 1 


152 


In Figure 4.15(a) all the sets En are compact discs. However, in 

Figure 4.15(b) the sets Ep and E; are compact discs, but Ez consists of 
two compact discs, £3 consists of four compact discs, and so on. We now 
show that these different structures are related to whether or not the 
point 0 lies in Ke. 


First assume that 0 € Ke, so c = P.(0) € Ke. Then 
c€intk,, forn=0,1,2,..., 

by property (4.10) and equation (4.11). Thus, by Lemma 4.2(a), 
En41 = Py'(En) is one compact disc, for n = 0,1,2,.... 


Thus Eo, E1, E2,... is a nested sequence of connected compact sets, as in 
Figure 4.15(a), and it follows from this (by a result in metric space theory) 
that Ke = Eo N E1 N- -- is also connected, as required. 


Next assume that 0 ¢ Ke, so c= P.(0) ¢ Ke. Since c € int Ep, there is a 
positive integer m such that 


c € int Em-1, but c é Em. 


Thus, by Lemma 4.2(b), Em is one compact disc, but Em+1 is two; see 
Figure 4.16, which is based on Figure 4.15(b), in which c = 1 and m = 1. 
Thus the set Ke lies in the union of the two halves of Em+1, and it has 
points in each half because both Ke and Em+1 are symmetric under 
rotation by m about 0. Hence Ke is disconnected, as required. This 
completes the (outline) proof of Theorem 4.2. E 


We end with a proof of Theorem 4.5, which uses the machinery developed 
in the previous proof. 


Theorem 4.5 
If the function P, has an attracting cycle, then c € M. 


Proof The idea of this proof is to show that if c M, then Ke has no 
interior points, so P, cannot have an attracting cycle, by Theorem 2.5(a). 
This is a proof by contraposition. 


If c M, then 0 ¢ Ke by Theorem 4.2. Hence, by the second part of the 
proof of Theorem 4.2, there exists m such that 


c € int Em-1, but c é Em. 


It follows that c lies outside both halves of Em+1. Hence, by 

Lemma 4.2(b), the set Em+2 = P>'(Em41) consists of four compact discs 
(two for each half of Em+1). In general, Em+n consists of 2” compact 
discs. Now, Ke is a subset of each of these preimage sets Em+n, so any 
connected subset K4 of Ke must lie in exactly one of the 2” compact discs 
comprising Emin, say Em+n. Thus 


Em+1 2 Em+2 2 e 2 Ke. 


It can be proved, by a rather tricky application of the Riemann Mapping 
Theorem and Schwarz’s Lemma, that the diameters of these compact discs 
Emin tend to zero as n —> co, so Ke must be a singleton set, and there will 
be one such singleton set for each of the (infinitely many) possible nested 
sequences of compact discs Em+n. It follows that if c ¢ M, then Ke has no 
interior points, as required. B 


Further exercises 


Exercise 4.9 
Use Theorem 4.3 to determine which of the following points c lie in M. 
(a) c=-142i (b) c=-1 (c) c=—-1+i 

Exercise 4.10 


Show that if |c| = 2 but c # —2, then 
|e? +e > 2. 
Deduce that c é M. 
(Hint: Use the factorisation c? + c = e(e + 1).) 


Exercise 4.11 


Prove that each of the following points lies in M. 
(a) c= —1.1 — 0.li (b) c= 0.6% 
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Figure 5.1 The watershed for 
Newton—Raphson iteration 
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Exercise 4.12 


(a) Prove that if R is a periodic region of M, then OR C M. 

(b) Deduce from part (a) that each of the following points lies in M. 
(i) c=++hi (ï) c=-14 ti 
(Hint: Locate these points in Figure 4.9.) 


Exercise 4.13 


Explain why there can be at most six values of c (see Figure 4.9) for 
which P, has a super-attracting 4-cycle. 


Exercise 4.14 


Show that a period-doubling bifurcation occurs at c = —3, and relate this 


fact to Figure 4.9. 


5 Beyond the Mandelbrot set 


This section is intended for reading only (it will not be assessed). 
After reading through this section, you should be able to: 
e appreciate the universal nature of the Mandelbrot set. 


In this section we demonstrate that the Mandelbrot set appears when we 
iterate various families of functions other than quadratics. 


In Subsection 1.4 we briefly discussed the Newton—Raphson function 


92° 41 
NG) = Lr 


corresponding to the cubic polynomial function p(z) = 23 — 1. 


(5.1) 


Under iteration of the function N, all points of C are attracted to one of 
the zeros of p, or else they remain on the common basin boundary (see 
Figure 5.1), which includes the point at oo. 


At about the same time as the discovery of the Mandelbrot set, 

around 1979, the Newton—Raphson method for a general cubic function 
was investigated by computer experiments. For most cubic functions, the 
corresponding Newton—Raphson function behaves under iteration in the 
same way as the function in equation (5.1), but for some cubic functions a 
difference was found. 
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To make this difference precise, we consider the family of cubic functions 
given by 
pez) = (2-D(z+3-o)(2 +5 +c) 
=P-Q4e)z- $42, 

where c € C. For example, if c = +(V/3/2)i, then p.(z) = z? — 1. The 
Newton—Raphson function corresponding to P, is 
plz) _ 229+ (4-2) 

phl) 322 —(#4+¢?)’ 
and it is straightforward to check that the critical points of Ne (that is, the 
points where N/ vanishes) are the three zeros of pe and the point 0. 


NAz)=2 


For most values of c, the critical point 0 is attracted to one of the zeros 

of pe under iteration of Ne, although it may also remain on the basin 
boundary; for example, if c = +(/3/2)i, then N.(0) = œo and N,(0o) = oo. 
For some values of c, however, the function Ne has an attracting p-cycle, 
where p > 1, to which the point 0 is attracted. In Figure 5.2(a) we have 
plotted those values of c in the box {c: —2 < Rec < 2, —2 < Imc < 2} for 
which the sequence (NV?"(0)) does not converge to one of the zeros of pe. 


0.95 


0.9 


Figure 5.2 (a) The set {c: N”(0) A a zero of pe}, and close-ups in (b) and (c) 


If we zoom in on various parts of this set, as shown in (b) and (c) of 
Figure 5.2, then we find small copies of the Mandelbrot set! It was this 
type of example that inspired Douady and Hubbard to develop a theory 
which shows that copies of the Mandelbrot set appear in the parameter 
plane whenever we consider the iteration of suitable families of analytic 
functions. In this sense, the Mandelbrot set has a universal nature! 
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To emphasise this universal nature, we describe one relative of the 
Mandelbrot set, which is obtained by iterating non-analytic functions of 
the form 


f(z) =F +c, 
where c € C. By analogy with Theorem 4.3, we plot the set 
Tea (0)| < 2, for m= 0,1, 2 k 
which is called the tricorn, or Mandelbar set; see Figure 5.3(a). 


0.3 


0.2 


0.14 


Figure 5.3 (a) The tricorn, and close-ups in (b) and (c) 


This set is symmetric under rotation by 27/3 about 0 (as well as under 
reflection in the real axis), and it appears to be connected; this property 
was proved in 1993 by the Japanese mathematician Shizuo Nakane. Closer 
inspection reveals that some parts of the boundary of the tricorn are 


smooth (for example, near c = i). whereas other parts are extremely 


irregular (see Figure 5.3(b)). As you might expect, the tricorn appears to 
contain small copies of itself, and it also appears to contain small copies of 
the Mandelbrot set! 


To conclude this unit, we observe that our investigations have only 
scratched the surface of the subject of complex iteration. For example, 
there is much more to be said about the structure of the individual Julia 
sets Je, and there are many families of entire functions (such as z —> e%, 
where c is a complex parameter) whose behaviour under iteration leads to 
completely new phenomena. Nevertheless, we hope that you have gained 
some insight into this remarkable subject, and that you appreciate the 
irony in the following quotation from Adrien Douady: 


I must say that, in 1980, whenever I told my friends that I was just 
starting with J.H. Hubbard a study of polynomials of degree 2 in 
one complex variable (and more specifically those of the form 

z+ 2% + c), they would all stare at me and ask: Do you expect to 
find anything new? 


(Douady, 1986, p. 161) 


Solutions to exercises 


Solution to Exercise 1.1 


(a) Zz = íi; z4=-l, zg =1, zg =. 


f fof 
ie ew oo 

$- o—e > 
0 1 37 
24 


Solutions to exercises 


Solution to Exercise 1.2 


Since f(z) = $z + 1, we have 


f(z) 


I 
BIE NIE w SH 


Solution to Exercise 1.3 
(a) Since f(z) = z+, we have 
f'(z)=z+b, 
f’) =(z+b)+b=z+2b, 
f(z) = (+ 2b) +b = 2+ 38, 


and, in general, 


f(z) =z+nb, forn=1,2,.... 


(b) Since f(z) = 2°, we have 
fiz) = 2%, 
f?(z) = (2°)? 2, 
A(z) = (2) = 27, 


and, in general, 


f(z) =, for n=1,2,.... 


Solution to Exercise 1.4 
(a) If zo = 1, then we have 


2, =1, forn=1,2,..., 


so (Zp) is a constant sequence, and converges to 1. 


(b) If zo = —i, then the terms of the sequence are 


em TR | 


so (Zn) is eventually constant, and converges to 1. 
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(c) If zo = e?7’/3, then the terms of the sequence 
are 
e?Ti/3 eAmi/3 _8ri/3 _ 62ri/3 


caer 


so the sequence cycles endlessly between these two 
values. 


(d) Since zn = z2" and |1/z0| < 1, we deduce that 


n 


1 1 
SS |) ge SH Ls 
Zn zo 


is a null sequence. Hence zn — co as n + ov, by 
the Reciprocal Rule (Theorem 1.5 of Unit A3). 


Solution to Exercise 1.5 
(a) The fixed point equation is f(z) = $z +1 = z, 
and 

iz+1=z <> 52 =1, 
so the only fixed point is 2. 
(b) The fixed point equation is f(z) = z? — 2 = z, 
and 

z2 —2=z 4> 227-z-2=0 

<=> (z-—2)(z+1) =0, 

so the only fixed points are 2 and —1. 


3 


(c) The fixed point equation is f(z) = 2° = z, and 


2 =z = z(z? —1)=0, 


so the only fixed points are 0, 1 and —1. 


Solution to Exercise 1.6 
(a) Since f’(z) = 2z, we have 
IF O|=0<1, 


so 0 is an attracting (in fact, super-attracting) 
fixed point of f, and 


[f'(1)| =2>1, 
so 1 is a repelling fixed point of f. 
(b) Since f’(z) = 4, we have 
FQ) = 3 <1, 
so 2 is an attracting fixed point of f. 
(c) Since f’(z) = 2z, we have 
If'(2)|=4>1, 
so 2 is a repelling fixed point of f. 


158 


Solution to Exercise 1.7 
(a) From Example 1.2(a) we know that 


f(z) = (3)"2, 


Hence 


for n = 1,2,.... 
f"(z) > 0asn—> oo, forall ze€C. 
Therefore the basin of attraction of 0 under f is 

{z : f"(z) > 0 as n> oof =C. 


(b) From Exercise 1.3(b) we know that 


fla =, forn=1,2,.... 
Hence 

f” (zo) —>0 as n—oœ, for |z| <1, 
but 

f(z) AVasn— oo, for |z| > 1, 


since |f"(zo)| = |zo|®” > 1, for n > 1. 
Thus the basin of attraction of 0 under f is 


{z : f"(z) > 0 as n > co} = {z: |z| < 1}. 


Solution to Exercise 1.8 


First we note that the function h(z) = —z + 5 is 
one-to-one on C. Putting 
Wn = h(zn) = —2n + 3, 
we have zn = —Wn + $, 
n=0 l2 


SO 
— 2 
Zn+1 = Zn © Zn» 


becomes 


-wn +4 = ( 


that is, 
er 1 — 
Wnt1 = Wp +3 n=0,1,2,.... 


This proves that the sequences (zn) and (wpn) are 
conjugate iteration sequences with conjugating 
function h(z) = —z + 4. 


If zo = $, then wo = 0. 


Solution to Exercise 1.9 
(a) First we note that the function 

h(z) =z+b/(a—1), 
where a Æ 1, is one-to-one on C. 
Putting Wn = h(zn) = zn + b/(a — 1), we have 
Zn = Wn — b/ (a — 1), so 

Snil = G2Z,+6, n=0,1,2,..., 
becomes 

Wnt1 — b/(a — 1) = a(wn — b/(a — 1)) + b; 
that is, 

Wnt1 =aWn, n=0,1,2,..., (S1) 
since —b/(a — 1) = —ab/(a — 1) + b. This proves 
that the sequences (zn) and (wn) are conjugate 


iteration sequences with conjugating 
function h(z) = z + b/(a — 1). 


(b) The iteration sequence (S1) has general term 
Wn = a” wo (see Example 1.2(a)). Hence, for 
=O, L2 


B b z b 
Zn = Wn ai ” wo 1’ 
giving 
b 
n ——————" — 
zn =a (a+ z) uci. 
that is, 
bla” — 1 
an = az + AD, forn =0,1,2,.... 
C= 


(i) If |a| < 1, then (a”) is a null sequence, so 


Zn > — 1 38% — o. 


(Note that —b/(a — 1) is the only fixed point of the 
function f(z) = az +b.) 

(ii) If |a| = 1, a #1, then (a”) is divergent, by 
Theorem 1.7(b) of Unit A3. It follows that (zn) is 
divergent in this case (unless zọ = —b/(a — 1), in 
which case the sequence is constant). 

(iii) If |a| > 1, then (a”) tends to infinity, by 
Theorem 1.7(a) of Unit A3. It follows that (zn) 
tends to infinity in this case (unless 

zo = —b/(a— 1), in which case the sequence is 
constant). 


Solutions to exercises 


Solution to Exercise 1.10 


2 
With N(z) = : = : 
zZ a 


z? —b— B(2z +a) 
z* — 2az — (aa + b) 
z? — 2ßz — (aß + b) 


2 2 ILa? 
B e (by the hint) 


z2 — 2824 8? 
_ (=a) 

(2 — B)? 
= (h(z))’, 


as required. 


Solution to Exercise 1.11 


If p(z) = (z — a)’, then 
N(z) ee ina = $(z+a) 
2(iz-a) ? í 


so, by Exercise 1.9(b)(i) (with a = $,b = ġa), all 
points of C are attracted to a under iteration of N. 


Solution to Exercise 1.12 


(a) 20 = 2i, #1 = —2, 29 = —21, 23 = 2. 


1 1 2 
(b) 20 J 71 3, Z2 5, z235 255 
A 
i Oe a ee 
kd ad @—e > 
1 3 15 255 
4 8 2 12 
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(c) 2 =3(-1+1), a =i, 2 = 4(1 +i), 
23 = $(2 + i). 


e ° 5(1+%) 
3(-1 +4) 71(2 +4) 
Here f(z) = E 


Solution to Exercise 1.13 


(a) We have to solve f(z) = z: 
z-z =z 4 z? =0 
<=> z =0, 
so the only fixed point of f is 0. Since 
f'(2)=1-— 2z, we have 
f'(0) =1. 
Thus the fixed point 0 is indifferent. 
(b) We have to solve f(z) = z: 
22.1-—z)=2 => 21 —2z) =0, 
so the fixed points of f are 0 and 2. Since 
f'(z) = 2 — 4z, we have 
f'(0)=2 and f'($)=0. 
Thus the fixed point 0 is repelling, and the fixed 
point $ is super-attracting. 
(c) We have to solve f(z) = z: 


2 


P72 4 2 


l — 
—z—-5=0, 


so the fixed points of f are 4(1+ v3). Since 
f'(z) = 2z, we have 


|f(40. + V3))| =14 V3 = 2.732... 
and 
lp 4a—v3))| = |1- v3 = 0-732... 


Thus the fixed point 5(1 + V3) of f is repelling, 
and the fixed point 4(1 — V3) is attracting. 
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(d) We have to solve f(z) = z: 


=z => 2z=0, 


z+1 
so the only fixed point of f is 0. Since 
ie, o (+1)xi-zx1 _ 1 
f (2) = (z +1) RHD? 
we have 
roj=L 


Thus the fixed point 0 is indifferent. 


Solution to Exercise 1.14 


Putting wr =An) = 1— 22, for n= Q0]; 2,424, 
we obtain 


zn = 4(1— wn), forn = 0,1,2,.... 


Hence the iteration sequence (Zn) is conjugate to 
the iteration sequence (wn), where 


Tel — Wn41) = 2(5(1 =i] (1 — x(1 — Wn) 
= $(1—wp)(1+ wn) 


—_ 1 2 

= z3(1— wa), 
SO Wn41 = w2, for n = 0,1,2,..., as required. 
. Qn 
Since Wy = Wy , for n = 0,1, 2,000; by 


Example 1.2(b), we deduce that 
Z= 5(1 — Wn) 
= (1 —uG") 


= 3 
= $(1—(1—22)*"), forn=0,1,2,.... 


Solution to Exercise 2.1 


(a) By Theorem 2.1, with a = —4, b = 4, c = 0, 
the iteration sequence 


Znt1 = 422 + 4mm, n=0,1,2,..., 
is conjugate to the iteration sequence 
Wn41 = W2 +d, n=0,1,2,..., 


where d = ac + ib- 40" =2-—4= —2, with 
conjugating function 


A(z) =az+5b=—42 + 2. 


In this case wo = h(5) = 0. 


(b) By Theorem 2.1, with a = —2, b = 0, c= 1, 
the iteration sequence 
mal = l2 mab «2; 
is conjugate to the iteration sequence 
Wn41 = W2 +d, n=0,1,2,..., 


where d = ac + 5b — 1? = —2, with conjugating 
function 


h(z) = az + 5b = —2z. 
In this case wo = h(0) = 0. 


Solution to Exercise 2.2 


(a) We have 
Pi (2) = Pe(Pe(z)) 
=(2 +e +c 
= 244227 +74 Ci 
P3(z) = (24+ 2e27 +c? +c)? +e 
= 28 + dez® + (6c? + 2c)z* 


+ (4c3 + 4c*)2?7 HEHEH +6. 
(b) We have 
PEY (2) = Pe(Pe(z)) = (Pè (2)? +e. (52) 


Since P.(z) = 2? + c, it follows from equation (S2) 
that the degree of P”*+! is twice the degree of P”, 
and hence the degree of P? is 2”. 


Now P, is an even function, because 
P(—z) = (27 +c = 2 +c = Pe), 
so the fact that P7? is an even function follows from 


equation (S2) by the Principle of Mathematical 
Induction. 


Solution to Exercise 2.3 


(a) The fixed point equation is P.(z) = 2? +c = z, 
and 


2 


z2 +c=z <> z —-z+c=0. 


Thus the fixed points are 
iays iala 


Suppose that c Æ t. Then the two complex 


numbers y1 — 4c and —y 1 — 4c are non-zero. 


Solutions to exercises 


Here y1 — 4c means the principal square root 

of 1 — 4c, as usual, so y1 — 4c has a non-negative 
real part. 

Hence a = 5 + 4 — c lies in {z=n+ty:2> 5} 
and is not equal to 5. Then P/(a) = 2a lies in 

{z =x +iy:x > 1} and is not equal to 1. This 
implies that P!(a) lies outside the unit circle, so 
the corresponding fixed point a = i + ; —cis 
repelling. 

(b) If c= $, then Pe = Pıj4 has just one fixed 
point $, which is indifferent since Pi / ah 5) =1. 


Solution to Exercise 2.4 
(a) We have 


(b) Since Po(z) = z?, we have Po(1) = 1. So the 
sequence (Pj'(1)) has terms 1,1,1,..., and hence 
P$ (1) A œ as n > œ. 

This sequence shows that, in the case c = 0, 
Theorem 2.2 does not hold if rọ is replaced by a 
smaller value. 

Since P_2(z) = 2? — 2, we have P_»(2)=4-2=2. 
So the sequence (P”,(2)) has terms 2,2,2,..., and 
hence P”,(2) 4 œ as n > ov. 

This sequence shows that, in the case c = —2, 
Theorem 2.2 does not hold if r_g is replaced by a 
smaller value. 


Solution to Exercise 2.5 
(a) (i) If z € L, then zo is real with |zo| < 2, so 
z = ze —2 
is real with —2 < z1 < 2 because 0 < zm < 4; hence 
zı E L. On repeating this process we deduce that 
Zn € L, forn =1,2,.... 
(ii) If z € C — L, then z1 € C — L. For if z € L, 
then 
23 =z +2 E€ [0,4 = wel. 
On repeating this process we deduce that 
Zn EC- L, forn=1,2,.... 
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(b) Let wn = J~! (zn), for n = 0,1,2,..., 80 
eld, forn=0;1,2; 5 

by the hint. Then zn = J(wn) and so, for 

n=0,1,2,..., the equation zn+1 = 22 — 2 becomes 


I(wn41) = (J(wn))? = 2 


Now, the function J is one-to-one on {w : |w| > 1} 
and hence 


Wn = we, for n = 0,1,2,.... 


Since |wo| > 1, we have wn — œ as n — 00, so 
Zn = Wn + 1/Wn > œ as n > œ (by the Reciprocal 
Rule and Combination Rules for sequences). 


(c) By part (a) we find that no point of L belongs 
to E_2, whereas by part (b) all points of C — L 
belong to E_2. Hence E- = C — L and 

K2 =C- E2 = L. 


Solution to Exercise 2.0 


To prove that Es is completely invariant under Ps, 
we note that 


z E€ Ee = P? (z) > œ as n > oo 
<> Petz) > oœ as n > 00 
<=> P? (P.(z)) > œ as n > œ 
<=> P,(z) € Ee, 


as required. 


Solution to Exercise 2.7 


(a) Since 

P;(—i) = (~i) +i = -1 + i 
and 

P(—1 +i) =(-1 +i}? +i = i, 
we have 


P?(—i)=—i and P?(—1+i)=-—1+i, 
so —i and —1 + i form a 2-cycle of P;. Hence both 
these points lie in K;, as do ¿i and 1 — i, by 
Theorem 2.3(e). Another point lying in K; is 0 
because P;(0) = 7 and i € K;, and K; is completely 
invariant under P;. 
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—i $ (5 


1-7 


Clearly none of these points is a fixed point of P;. 


(b) Since P}(z) = z8, we have to solve the 


8 


equation z° = z: 


=z 4 2-2z=0 

= z(z"-1)=0. 
The solutions are 0 and e27**/7, k =0,1,... 
Theorem 3.1 of Unit A1). 
Of these, the points 0 and 1 (corresponding 
to k = 0) are fixed points of P), whereas 


,6 (by 


Palei) = etl, 
Po 
Po 


Arait = ert. 


(e 
( 8ri/T) el6ri/T — e?ri/T, 


e 
and 
P(e") = el?mi/T 
Po(el2tt/7) = 4ri/T — el0ri/T, 
Piers) _ e20ri/T — cori /T 
Hence 


e?Ti/T eArilT eBTi/T and eSti/7 el2mi/7 el0mi/7 


are both 3-cycles of Py. Using this and the 2-cycle 
27/3 47/3 (from Example 2.1), we obtain the 
following diagram. 


(c) Since 
P_sya(g(-1 + V2) = (36-1 + V2)" -4 
= 4(8-2v2)-§ 
= }(-1- v9) 
# 3(-1+ v2) 
and 
P?5ja(3(-1 + V2)) = P_sja(9(-1 — V2)) 
= (3(-1- v3)’ -$ 
= 1(3 + 2/2) — Ë 
= 3(-1+ v2), 


the point 3(-1 + v2) is a periodic point, with 
period 2, of P_s/4. (It forms a 2-cycle, along with 


11- v2), 


Solution to Exercise 2.8 


(a) The numbers —i, —1 + i form a 2-cycle of P; 
with multiplier 


(P?)'(-4) = Pi(-i)Pj(-1 i) 
= (—2i)(—2 + 22) 
=4+4 di, 
by Theorem 2.4(a). Hence 
(PPY (i| = 4v2 > 1, 
so this 2-cycle is repelling. 


(b) The numbers e?7/7, e47*/7, 8/7 form a 
3-cycle of Po with multiplier 


(PRY (e271) = P(e") Pi fetil) Ph (eS!) 
= (2271/7) (2e47i/7) (2e87/7) 
= 8, 
by Theorem 2.4(a). Hence 
ee") | a4 
so this 3-cycle is repelling. 
(c) The numbers $(—1+ V2), 5(—1— V2) form a 
2-cycle of P_s/4 with multiplier 
(P2574) (3(-1 ++/2)) = P!sja(3(-1 + v2)) 
^ P alll — v2)) 
= (-1+ V2)(-1- v2) 


Solutions to exercises 


by Theorem 2.4(a). Hence 
(P25) (a(-1 + V2) = 1, 


so this 2-cycle is indifferent. 


Solution to Exercise 2.9 
Using Theorem 2.1, we find that 


Zn+1 = Bey (1 — 2n) 


= —3z2 + 32n, n=0,1,2,..., 
“a= $, is conjugate to 
Wn41 =W +d, n=0,1,2,..., 
where Wn = —32n + 3, for n = 0,1,2,..., with 
wo = 0 and 
d= 3x0+3 t= 3, 


Solution to Exercise 2.10 


(a) If |e] < 4 and |z| < 5 +4/4-— |c], then 


|P-(z)| = |2? + cl 
<|z|?+ |c| (by the Triangle Inequality) 


2 
< (4+y/4- lel) +1d 
=3+y3-lel+3-— lel + lcl 


a— lel: 


(b) If |e] < 4 and |z| < $+ 4/4- |c], then, by 


part (a) applied repeatedly, 


IP?) <$ +4/4- lel, forn=0,1,2,..., 


so P?(z) 4 œ as n > œ, and hence z ¢ Ee. 
Therefore if |c| < $, then 


fz: l| < 4+ y4- le} c Ke 


(c) If |c| < 4, then, by part (b) and 
Theorem 2.3(a), 


fz: <+ y4- ld} cK 
C feile < 4+ yi +e). 
Now, if c is close to 0, then $ + 4/4 + |e are both 


close to 1, so Ke is approximately equal to the 
closed unit disc. 


=L 
~ 2 
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Solution to Exercise 2.11 
(a) Since 
f@)=-t 
the point a = i is periodic with period 2, and 
belongs to the 2-cycle i, —i. Since f’(z) = —1, the 
multiplier of this 2-cycle is, by Theorem 2.4(a), 
FOF Ci) = (-)) x (-1) = 1. 
Hence 7 is an indifferent periodic point of f with 
period 2. 
(b) Since 
f((-1 + v5) = b(-1- v5) 
and 
f($(-1 - v5) = 3(-1+4 v5), 
the point a = $(—1 + V5) is periodic with 
period 2, and belongs to the 2-cycle $(-1 4-4/5), 
5(—1— V5). Since f’(z) = 2z, the multiplier of 
this 2-cycle is, by Theorem 2.4(a), 
P(A + VB) vB) 
= (-14 V5)(-1- V5) = —4. 


Hence $(-1 + v5) is a repelling periodic point of f 
with period 2. 


and f(—i) =i, 


(c) Since 
f(0) =i 

the point a = 0 is periodic with period 2, and 

belongs to the 2-cycle 0, i. Since f’(z) = 32°, the 

multiplier of this 2-cycle is, by Theorem 2.4(a), 
f'(O) f(a) = 0. 

Hence 0 is a super-attracting periodic point of f 

with period 2. 

(d) Since 


f(em/33) = ¢Sti/13. 


and (7) = 0, 


f (87/33) — e97i/13 
and 

f (e8713) = eN _ eri/13, 
the point a = e™/3 is periodic with period 3, and 
belongs to the 3-cycle e7/}3, 877/13, @9i/13 
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Since f’(z) = 32”, the multiplier of the 3-cycle is, 
by Theorem 2.4(a), 

fl (eTt/13) ft (eBti/13) ft (9/13) 

= (3e27#/13) (3¢6ti/13) (3 6187/13) 

— 97 6267/13 

= 27. 


mi/13 


Hence e is a repelling periodic point of f with 


period 3. 
Solution to Exercise 3.1 


(a) Graphical iteration gives the following 
diagram. 


y 


Sy 


y=-2r4+1 

(b) If zo = 0, then (zn) tends to infinity and if 

5 = $, then (£n) is constant. In 

Exercise 1.9(b) (iii) we found that zn41 = azn + b, 
n=0,1,2,..., tends to infinity if |a| > 1 unless 

zo = b/(1 — a). Here we have a = —2, b = 1 and 
b/(1—a)= $, so our answer agrees with this result. 


Solution to Exercise 3.2 


(a) With zo = 0, graphical iteration gives the 
following diagram. 


YA 


(b) Observe that 
z+1>c, forall z ER, 


2 _xz+1>0 


a e a se 
2 
4> (x-4) +3 >0. 

Hence the graph of y = z? + 1 lies strictly above 
the graph of y = x, so the function f(x) = x? +1 
has no real fixed points. Also, tn41 =22 + 1 > £n, 
so the sequence (zp) is increasing and must tend to 
infinity because there are no fixed points to 
prevent this. (An algebraic proof of this fact is 
given after Lemma 3.1.) 


(c) Since £n = Pi (zo), for n = 1,2,..., we deduce 
that 


P? (zo) => œ asn— oo, for all zp €R, 


so no point of R belongs to Ky. 


Solution to Exercise 3.3 
(a) If cis real and y is real, then 

P.(iy) = (iy)? +e=—-y? +e, 
which is real. 


(b) Suppose that c > 4 and y € R. By 

Theorem 3.1, we know that x € Ee for all x € R. 
Hence, by part (a), we have P.(iy) € Ee. Therefore 
iy E€ Ee, by the complete invariance of Ee under Pe, 
so no point of the imaginary axis belongs to Ke. 


Solution to Exercise 3.4 


(a) We have P.(iy) = -y? +c < c. 


(b) Suppose that c < —2 and y € R. Then |c| > 2, 
so we see from the given property 


<2 = lal <x 
that |c] > re, so 

c=-—|ce| < —T¢. 
Therefore, by part (a), 

Pig) < €< Pe. 


Hence |P.(iy)| > re, so it follows from Theorem 2.2 
that P.(iy) lies in Ee, and hence iy € Ee by the 
complete invariance of Ee under P.. Therefore no 
point of the imaginary axis belongs to Ke. 


Solutions to exercises 


Solution to Exercise 3.5 


y = Pyyjq(z) 


YA 


The iteration sequence (zn) converges to the fixed 
point i of Pija, which is indifferent. 


Solution to Exercise 3.6 


Let f(x) = x/(x +1), so the sequence (£n) is 
obtained by iterating the function f with initial 
term zo. 


First we plot y = x and y = f(x) on the same 
diagram, and then we apply graphical iteration 
with various initial terms zo. 


y 


Since y = x/(x + 1) lies below y = x and above 
the x-axis, for x > 0, graphical iteration shows that 
if zo > 0, then £n > 0 as n > oo. 
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x 
If zo < —1, then zı = ° > 0 and so again 
To 


+1 

£n — 0 as n > oo. 

If zo = —1, then zı = f(xo) is not defined. 
Similarly, the sequence (zn) has only finitely many 
terms whenever zo lies in the set A, since each of 
these points maps eventually to —1 under iteration 
of f, by the hint. 


If —1 < xo < 0 and zo ¢ A, then the terms £n 
decrease until £no < —1 for some positive 
integer no, and hence £n —> 0 as n > oo. 


Since (xn) evidently tends to 0 if zo = 0, we deduce 
that x, — 0 for all initial values x9 in R — A. 


Solution to Exercise 4.1 


In Exercise 3.4 we saw that if c < —2, then Ke 
does not meet the imaginary axis. Since Ke has 
points in both G; = {z : Rez > 0} and 

Gə = {z : Rez < 0} (for example, the fixed points 


5 + 1 — c), we deduce that Ke is disconnected 
for e< =2, 


Solution to Exercise 4.2 


(a) Suppose that c € [-2, t]. Then, by 
Theorem 3.2, Ke contains 0. Hence Ke is 
connected, by Theorem 4.2, so c € M. 


(b) Since Ke is disconnected for c > | and 

c < —2, by Exercise 4.1 and the discussion 

preceding it, we have c ¢ M for c > - and c < —2. 

Hence, by part (a), M AR = [-2, z]- 

Solution to Exercise 4.3 

(a) If c = —2, then the terms of (P”(0)) are 
2.9.9... 

Since all these terms lie in {2 : |z| < 2}, we deduce 

from Theorem 4.3 that —2 € M. 


(b) If c= 1 +i, then the terms of (P”(0)) are 
1+4, (140? +1+i=1+3i, .... 


Since |1 + 37] = v10 > 2, we deduce from 
Theorem 4.3 that 1 +i ¢ M. 


(c) If c= i, then the terms of (P"(0)) are 
eC ae ee eo eee 

Since all these terms lie in {z : |z| < 2}, we deduce 

from Theorem 4.3 that i € M. 
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(d) If c=iv2, then the terms of (P"(0)) are 
iV2, -2+iV2, .... 

Since |—2 + iV2| = V6 > 2, we deduce from 

Theorem 4.3 that iv2 ¢ M. 

Solution to Exercise 4.4 


(a) The point c = —0.9+ 0.1i appears to lie in the 
disc |z + 1| < 4, so we use Theorem 4.6(b). Since 


lc+1] = |0.1+0.1i] = 0.1414... < 4, 


P, has an attracting 2-cycle, by Theorem 4.6(b). 
Thus c lies in M, by Theorem 4.5. 


(b) The point c = 0.2 + 0.5% appears to lie inside 
the cardioid, so we use Theorem 4.6(a). Since 
|c? = 0.29 and Rec = 0.2, we have 


(8ļc]? — T +8 Rec = (2.32 — 1.5)? + 1.6 
= 2.2724 < 3, 


so P, has an attracting fixed point, by 
Theorem 4.6(a). Thus c lies in M, by Theorem 4.5. 


Solution to Exercise 4.5 


By Lemma 4.1, if c # —3, then P, has a single 
2-cycle a1, Q@2, where 


= Pag a E Y E 
5.46 G-C, Ag =-5% a 


with multiplier 4(c + 1). 

Hence the 2-cycle is attracting if and only if 
Ale+1| <1, 

that is, if and only if |e +1] < 4. 

Solution to Exercise 4.6 


By Theorem 4.7, the function P, has a 
super-attracting 3-cycle if and only if 


P3(0) = (e +c)? +c=0, 
but P.(0) = c # 0 and P?(0) = 2 +c £0. 
Thus we seek the solutions of 
f+28+e+c=0 
which are not c=0 or c= —1. 


Since c = 0 is a solution and c = —1 is not, we 
need to solve 


O+2?+c+1=0. 


Using calculus, we see that the real function 
f(c) = 2 + 2c? +c +1 has the following graph, so 
there is only one real zero. 


y= +22+c+1 


Since f(—1.8) = —0.152 and f(—1.7) = 0.167, it 
follows that this value of c lies in [—1.8, —1.7]. 


The remaining two solutions form a pair of complex 
conjugates, since f is a real polynomial function. 


Remark: The three solutions, correct to three 
decimal places, are —1.755 and —0.123 + 0.745åi; 
these solutions can be obtained by using 

formula (0.6) in the Introduction to Unit Al. See 
Figure 2.18(b) for the Julia set of P, in the case 
c = —0.123 + 0.74572. 


Solution to Exercise 4.7 


(a) Since any solution of P.(z) — z = 0 is also a 
solution of P?(z) — z = 0, we expect P.(z) — z to 
be a factor of P3(z) — z = 0. Using the formula for 
P3(z) obtained in Exercise 2.2(a), we find that 


P == (2) 20.0) 
= (2? -2+0)Q-(2), 
where 
Ole) = 2 + 25 + (3c + 12" + (2c + 1)z’ 
+ (3 +3c +1)? + (2 +2c+1)z 
+Ë+2+c+l. 
(Begin by finding the coefficient of z® and the 
constant term, and then work inwards from both 


ends, finding one coefficient at a time and 
obtaining the coefficient of z? twice, as a check.) 


Solutions to exercises 


(b) On substituting c = —f we obtain, after some 
arithmetic, 

Q_7/4(z) 

=z +2° iA 32° ge F get A 


(c) 


Saa ea 9, 1; 
of y= 2° + 52 37 — g is as follows. 


Using calculus, we see that the graph 


Hence the equation x? + z? — 22 — 4 = 0 has 
q 2 4 8 


three real solutions a, 8, y, say. Therefore 


B)(z—7). (S8) 


By part (b), a, 6,y are the only solutions of 
PP? 14(2) — z = 0 that are not fixed points of P_7/4, 


2 +42 izsl a)(z 


so they must form a 3-cycle of P_7/4. 


(d) By Theorem 2.4(a), the multiplier of the 
3-cycle is 


(PÈ) (a) = Pela) PaB) P) 
= (2a) (28) (27) 
= 8apy 
= 1, 


since aĝy = 4, by equation (83). 


Hence, by Theorem 4.8(a), a saddle-node 
bifurcation occurs at c = —7/4, so we expect to see 
a small cardioid-shaped periodic region with cusp 
at this point. This is included in Figure 4.9, and 
its centre is at the point c = —1.755, correct to 
three decimal places, which is one of the three 
points found in the solution to Exercise 4.6. 
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Unit D2 The Mandelbrot set 


Solution to Exercise 4.8 


Since 
P(Q=CP+e=C4+(C-07) =¢, 


we find that ¢ is a fixed point of P}. Also, the 
multiplier is 


Ps) = 26, 


which is a root of unity (4 1). Hence, by 
Theorem 4.8(b), a period-multiplying bifurcation 
occurs at c. (In fact, since the main cardioid is the 
image of the circle |z| = 5 under the function 

f(z) = z — 22, the point c lies on the cardioid.) 


If C= —, then 2¢ = —1, which is a primitive 
square root of unity, so a period-doubling 
bifurcation occurs at 


2 
c=-3-(-3) =-7. 
This is the point where the two periodic regions in 
Theorem 4.6 touch, which is visible in Figure 4.9. 


Figs perms, then 2¢ = e2"'/3, which is a 
primitive cube root of unity, so a ‘period-trebling’ 
bifurcation occurs at 


as Lees _ (fers = =l fe 3 /3i, 
and this is visible in Figure 4.9. 
If¢= ži, then 2¢ = i, which is a primitive fourth 


root of unity, so a ‘period-quadrupling’ bifurcation 
occurs at 


_ 1; EAZ ii hs 
c= 5i- (3i) =3+3i, 
and this is also visible in Figure 4.9. 
Solution to Exercise 4.9 


(a) Let c= —1 + 2i. Since |P.(0)| = |e] = V5 > 2, 
we deduce from Theorem 4.3 that c ¢ M. 


(b) Since P_1(0) = —1 and P-1(—1) 
deduce that the sequence (P",(0)) is 
0, —1,0, —1,.... Hence 


[P7 (0)| <2, forn=1,2,..., 
so —1 € M, by Theorem 4.3. 
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(c) For c= —1 + i, we have 
P,(0) = —1 + å, 
P2(0) = (1 +i)? +(-1+i) = -1 — å, 
P3(0) = (-1-4)? + (—1 +i) = —1 + 3i. 


Since 
|PŽ(0)| = v10 > 2, 
we deduce from Theorem 4.3 that c ¢ M. 


Solution to Exercise 4.10 
Suppose that |c| = 2 but c # —2. Then 
Je? + e| = |e(e + 1)| = lel le + 1] = 2ļe+ 1]. 
Now, since |c| = 2, we have 
letiP = (e+1)(c+1) 
= |e? +2Rec+ 1 
=5 +2 Rec. 


We know that |c| = 2 but c # —2, so it follows that 
Rec > —2. Hence 


le+1P? =5+2Rec> 5-2 2=1. 
Therefore |c + 1| > 1, so 

|P?2(0)| = |e? + e| = 2c + 1| > 2. 
Hence c ¢ M, by Theorem 4.3. 


Solution to Exercise 4.11 
(a) Let c= —1.1 — 0.1i. Then 


lc + 1| = |—0.1 — 0.14] = 0.1414... < 4. 


Hence, by Theorem 4.6(b), Pe has an attracting 
2-cycle and so, by Theorem 4.5, cE M. 


(b) Let c = 0.6%. Then |c|? = 0.36 and Rec = 0, so 
(8\c|? — 8)” + 8Rec = (8 x 0.36 — 1.5)? +0 
= 1.9044 < 3. 


Hence, by Theorem 4.6(a), Pe has an attracting 
fixed point and so, by Theorem 4.5, c E€ M. 


Solution to Exercise 4.12 


(a) If some point a € OR lies outside M, then 
because M is closed there is an open disc D with 
centre a that lies entirely outside M. Since 

R C M, the open disc D does not meet R, and 
this contradicts the fact that œ is a boundary point 
of R. Hence OR C M. 


(b) (i) From Figure 4.9, it appears that the point 
c= t + ži lies on the main cardioid. This can be 
verified by checking that c satisfies 

(8|c|? — y +8Rec=3. 
Thus c lies on the boundary of the periodic region 
in M given by Theorem 4.6(a), and hence c € M 
by part (a). 
(ii) The point c = —1 + 4i lies on the circle 
|c + 1| = 4. Thus c lies on the boundary of the 


periodic region in M given by Theorem 4.6(b), and 
hence c € M by part (a). 


Solution to Exercise 4.13 


By Theorem 4.7, the function P, has a 
super-attracting 4-cycle if and only if P4(0) = 0, 
but P.(0), P?(0) and P3(0) are non-zero. 


Cc 


Now 
P.(0) = c, 
P?O) =P +e, 
PEO) = +2 te Hc, 


and P#(0) is of the form 

A0) = E tAE HHH 

If P.(0) = 0 or P?(0) = 0, then 
P2(0) = P2(P2(0)) = 0. 


Hence any zero of P?(0) must also be a zero of 
P#(0), so P4(0) must have P?(0) = c? + casa 
factor: 


P$O) = (P + c)(c8 + 3c° + --- +1). 


Solutions to exercises 


Thus the values of c for which P, has a 
super-attracting 4-cycle must be solutions of the 
equation 


O43 4.-41=0, 


and there are at most six such (distinct) solutions. 
Hence there are at most six values of c for 
which P, has a super-attracting 4-cycle. 


Remark: In fact it can be shown that each of the 
polynomial functions c+ P!(0) has only simple 
zeros. This makes it possible to count the number 
of values of c for which P, has a super-attracting 
p-cycle, for each positive integer p. In particular, 
there are exactly six values of c for which P, has a 
super-attracting 4-cycle, as indicated in Figure 4.9. 


Solution to Exercise 4.14 


For c = —3, P, has the 2-cycle 
a=-}+/h =y 


(by Lemma 4.1) with multiplier 

A(e+1) =4(—$41) =-1. 
Since —1 is a primitive square root of unity, we 
deduce, by Theorem 4.8(b), that a period-doubling 
bifurcation occurs at c = —3. 
In Figure 4.9 we see that the point -š lies where 
the periodic region with period 2 (the disc 
{e:|e+1| < ¢}) and a periodic region with 
period 4 touch, so a period-doubling bifurcation is 
visible there. 
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